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1 Variational Formulation of the Laplace Equation
The problem is to solve the Laplace equation
Viu =0 (1)

in domain €2 subject to Dirichlet boundary conditions on 0€2. We know from our study of the
uniqueness of the solution of the Laplace equation that finding the solution is equivalent to finding
u that minimizes

1
W= [ IVulPdr (2)
2Jo

subject to the same boundary conditions. Here the differential dr denotes the volume differential
and stands for dzdy for a plane region. W has interpretations such as stored energy or dissipated
power in various problems.

2 Meshing

First we approximate the boundary of €2 by polygons. Then €2 can be divided into small triangles
called triangular elements. There is a great deal of flexibility in this division process. The term
meshing is used for this division. For the resulting FEM matrices to be well-conditioned it is
important that the triangles produced by meshing should not have angles which are too small.

At the end of the meshing process the following quantities are created.
e N,: number of vertices or nodes.
e N, x 2 array of real numbers holding the x and y coordinates of the vertices.

e N, number of triangular elements.



N, x 3 array of integers holding the vertices of the triangular elements.

Nys: Number of vertices on which the v values are not specified or free.

Ny x 1 array of integers holding free vertex indices.
e N,,: Number of vertices on which the u values are specified or prescribed.
e N,, x 1 array of integers holding prescribed vertex indices.

e N,, x 1 array of real numbers holding prescribed u values.

Data structures holding adjacency information for the vertices, edges, and the triangular elements
are also generated by sophisticated FEM meshing subroutines.

3 Planar Approximation over a Triangle

u=a+br+cy

V1 (T, Yy)

B (s, yp)

Let us consider a triangular element whose node numbers are «, 3, and v. The node coordinates
are (g, %), (8,Ys), (€4,¥y). On this triangle u(z, y) is assumed to have a planar variation:

a
u(r,y) =a+br+ey=[1 x y||b (3)
C

First a, b, ¢ are to be determined in terms of the values of u(z,y) at the nodes U,, Uz, U,, using
the three equations

In matrix form the equations are
1 Za Yo a U,
Loazg yg || 0| =] Us (5)
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where

24 = Yy — TyYp + TyYa — Taly + Tals — TpYa (7)
and )

ba(,y) = 5 1lwsyy = 4y + (Ys — y7) T + (25 — 25)y] (8)

etc. 24 is twice the area of the triangle ay. The functions 1; are interpolatory in nature.
Vi(Tr, ye) = 6, Jk € {a, 8,7} (9)

v (T, Y5)
o (Ta)Yo)
g ($57y5)

The 1 functions are also known as natural coordinates, simplex coordinates or areal coordinates.
Let P be the point (z,y). Then

Area of triangle P3~y

Q ? = . 1
Val,9) Area of triangle a5~y (10)

Exercises:
e Show that v, (z,y) + Ys(x,y) + ¥y (z,y) = 1.
e At which point is 42 (z,y) + ¢3(x,y) + ¢2(x,y) minimum? What is the minimum value?

Since the original domain is now approximated as a union of small triangular elements, the total
W corresponding to stored energy or power dissipation can be expressed as a sum of element W's.
For the a8~y element

1
wie) = f/ Vu|2dr 1
5 [, 9 )
Now
Vu = U,V + UgVig + U, Vi, (12)
It should be noted that due to the planar variation of u(z,y)
1 . .
Vipa(t,y) = 571(us = y,)% + (@5 — 25)3] (13)
etc. are constant over the entire element. So
1 1
W =2 [ VPl =5 S S s (14)
afBy

J=a,B,y k=a,B,y

where

Sj(ke) = /(aﬁy)(v¢j) : (Vl/)k)dﬂ j7 k€ {047 67 7} (15)



Let

Ua
U(e) = | Us (16)
U,
Then T
wie) — ;U(e) s(e)gr(e) (17)

5(€) is called the element Dirichlet matrix. Show that,

S = 511 = )0 = ) (5, — ) o — )] (18)

etc. The Dirichlet matrix is symmetric, positive semi-definite. The expression for element energy is
a quadratic form in the nodal values U,, Ug, U,. Since W is expressed as a sum of all the element
energies, it follows that W is given by a positive semi-definite quadratic form in the nodal values
Ul, UQ, .. -UN-

1
W= 5UTSU (19)
where
U
Us
U=| . (20)
Un

and the Dirichlet matrix S has contributions from all element S (e)’s. In the program developed

(e)

here, S is initialized to zeros and as one loops over all elements any S,5" contribution is added to
Sap. This is in contrast to other FEM programs which actually generate 3 x 3 element matrices
and then combine all of them during element assembly.

4 Minimization of W

P of the N U values are prescribed. N — P are free to vary. For simplicity of presentation we assume
that the prescribed values come after the free values. (MATLAB and modern matrix libraries allow
sub-matrices to be selected based on arbitrary index sets. So there is no need to actually number the
prescribed nodes after the free nodes.) Then the matrices U and S may be partitioned as follows:

U= [ v ] (21)
-9 % ”

Note that due to the symmetry of S, Sy, = S;;Ff. In terms of the partitioned matrices W may be
expressed as

1
W = 5UTSU (23)
Lo | S S || Us
_ 5[Uf Ul ][ A (24)

1 1 1 1
= U SiUs + 50, SprUs + 35U SpUp + 35U, SwpUy (25)



But since UpTSprf is a scalar it equals its own transpose.
UpTSprf - (Ugsprf)T - U;”Tng}Up - UfTSprp (26)

The last equality is due to the fact that Sy, = S;;Ff. So by combining the two equal middle terms of
(25) we get
1 1
W = SUs SpsUs + Up SppUp + U, SppUy (27)

Now this W is to be minimized with respect to Uy. At the minimum the gradient of W with respect
to Uy equals zero.

VoW =8pUp+ SppUp =0 (28)

So the solution is
Ur= _Sfflsprp (29)
Once Uy is known, U is known, and one computes W = %UTSU. In physical problems, quantities

related to W are usually important.

In eigenvalue problems like the Helmholtz equation, and loading problems like the Poisson
equation, not only I [, [|Vu|[’dr, but also § [ u®dr is of importance. Just as 3 [y |[Vul|[*dr is
expressed as $UTSU, the quantity 1 [, u?dr can be expressed as sUTTU, where the T matrix is
called the metric matrix. Like the Dirichlet matrix S, 7" can be constructed from individual element

contributions.
> ¥ urdu, (30)

J=o,B,y k=a,B,y

1

1
f/ wldr = =
2 JA(apy)

(\]

where

Tj(ke) = /A(am) iz, y)e(z,y)dr, g,k € {a, 8,7} (31)

First we evaluate Tj(je) = Jaapy) Y3 (x,y)dr. We consider a differential strip parallel to the side
opposite node j in the triangle a3y If 4; changes by di; on the strip, its width is hdy; and the
length of the strip is (1 — ;)b, where b is the length of the side opposite to node j and h is the

height of the perpendicular from node j to the opposite side. So
1 bh A
1 Aapy) wj ar 0 1/}] ( wg)bhdw] 12 6 (3 )

where A is the area of triangle a5y. Thus the diagonal terms of the element T matrix, Togg), éﬂe)

bl

and T'*S's), are equal to A/6. What about the off-diagonal terms?

(e) , m(e)  ple) _ 2 _ _
Tad + )+ = [ gy Vot iy dr = /. iy ValVatain)dr = /. gy Vel (39
since o + Y5 + 1y, = 1. So
(e)  p(e) | ple) _ _ [y _bh_ A
o + ) +Tas) = [, gy Vol = | el = a)bhdy, = % = 5 (34)
But 7. = 4/6. So
(€) , ple) A A _ 4
Toy +Tw’ =5 =5 = (35)
Similarly we also have p
7l 47 = (36)



(e)  ,(e) _ 4
Tr}/a + T’Yﬁ — g (37)
But T7(§) = CS$) etc. by the symmetry of the element 7" matrix. So adding the above three
equations and dividing by 2 we see that
(e)  ple) (e) A
Taﬁ +T67 +T’)/Oé - Z (38)

It it then seen that each off-diagonal element of the element 7' matrix is equal to A/12.

5 Example Code
The example code available on the web site solves two problems.

e Solution of Laplace equation on a rectangle: On three sides of the rectangle v = 0, while on
the other side u = 1.

e Capacitance of a cable with elliptic cross sections for both the conductors.

Please download the code and run these examples.
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