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Abstract

In the first part of the project, we analyze the Human Development Index, the most
used index to measure a country’s development. Although human development is a multidi-
mensional quantity, the HDI can be factored into three broad components representing income,
education and health. Analysis of the Human Development Index shows that the three indica-
tors used in evaluating these three components of HDI are highly correlated with each other.
Thus, we show that two of the three components of the current HDI are mostly redundant due
to the indicators used. We also suggest a minor change in the base life expectancy used to
evaluate HDI. Further, we propose an updated HDI by adding two new parameters- a fraction
of Renewable Energy consumption and a Gender Balance Index. The inclusion of two new
parameters makes the HDI index sustainable.

The second part of the report focuses on building statistical models to explain the ob-
served income distributions using a minimum set of assumptions, such as a normal distribution
of capacities of individuals. We generate income distributions starting from the initial assump-
tions using the inverse transform and sequential Monte Carlo methods. This work is motivated
by the mismatch between observed data and the early models proposed for a first approxi-
mation, which are still in use. The report discusses the evolution of income from a uniform
distribution to a Pareto distribution with time and its relationship with the capacity in the two
cases of differential rewards and differential opportunity. The former assumes a stochastic in-
crease of income in proportion to the capacity of an individual. In addition, the latter assumes
that the probability of an increase in income is non-uniform and proportional to the capacity as
well.
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Chapter 1

Introduction and Literature review

The growth of a country lies in enriching the lives of the people of the country. Earlier,
the GDP was the basis for measuring human development. However, human development has
a multi-dimensional nature. While income has the potential to expand people’s choices, it is
not sufficient to guide a country’s human development achievements. It is evident that higher
income levels lead to higher health and educational achievements, but this relationship breaks
down in many countries. Some growing countries with high incomes have a low life expectancy
and education. High income does not necessarily stop disease spread, criminal activity or
pollution in a country. These factors depict that income growth cannot solely measure human
development. Hence, an index was developed to measure the human development of a country
in terms of education, health, and income.

The primary function of HDI is to rank countries based on the HDI value. The Human
Development Report 1990, [1] had been prepared by UNDP under Mahbub ul-Haq. In the
report [2], Ul Haq defines human development as “the process of enlarging people’s choices.”
The choice for a long healthy life and education are the most important ones. The Human
Development Index is an important measure used by authorities to decide public policies.

In the paper [3], Anand and Sen discuss the concept and measurement of HDI. Accord-
ing to them, the motivation behind HDI was “to focus directly on the lives that people lead –
what they succeed in being and doing.” They also mention that the core of human development
lies in enhancing the capabilities of people to function in elementary ways.

The UNDP used the three indicators- Life expectancy at birth, Adult literacy, and GDP
per capita for measuring human development in 1990. The 1990 index calculated the depriva-
tion value for a country. The HDI formulation was modified in 1991, and the HDR published
a new report (1991). The minimum and maximum values were observed from the data. The
Education index attributed the one-third weight to the years of schooling and the two-thirds
weight to the literacy rate [4]. The Income index was calculated by using the Atkinson [5]
formula. ’Mean years of schooling’ and ’Expected years of schooling’ are measured in years

7



CHAPTER 1. INTRODUCTION AND LITERATURE REVIEW 8

while GNI per capita is measured in PPP US$. Combining the indicators into an index requires
transformation into a unit-less index lying between 0 and 1. These represented the most basic
human capabilities. The data values of these indicators were normalized for easy comparison.

According to the Human Development Report (1994), the construction of the index
was done in the following manner:
The aggregation formula for HDI in 1994 was:

IHDI = ILE + IE + IGNI

3

where ILE is the Life expectancy index, IE is the Education index, IGNI is the Gross
National Income index.
The Life expectancy index was calculated as,

ILE = life expectancy value in years − 25
85 − 25

The Education index was calculated using the same indicators for aggregation as in 1991. The
maximum and minimum values were fixed for both indicators. Mean years of schooling had
a fixed minimum of 0 years and a maximum of 15 years, and an Adult literacy rate had a
minimum of 0% and a maximum of 100%. For the GNI index, the minimum of real GDP PPP
was fixed to be $200, and the maximum to be PPP $ 40,000.

The initial development and presentation of the HDI drew substantial interest and criti-
cism from several research domains. Izete Pengo Bagolin and Flavio V. Comim (2008), in their
paper [6], give a critical overview of HDI and highlight some of the issues in HDI, such as HDI
faces problems of low quality and lagged data. Also, HDI could not reply to much significant
criticism at that time. However, they concluded that ”HDI represents advancement indeed, both
in terms of the characterisation of the multidimensional nature of development and its refined
theoretical basis.”

Although the idea of creating an index for evaluating human development was remark-
able, it was also subjected to significant critique regarding the selection of indicators, statistical
characteristics of the index, and reliability of the data used for the index. Srinivasan, T. N.
(1994), in his paper [7], mentions that GNP data of many developing countries suffer from
problems of incomplete coverage, measurement errors, and biases. He also adds that the Hu-
man Development Index (HDI) has conceptual weaknesses and empirical shortcomings, which
include significant problems of non-comparability across time and space, measurement errors,
and biases. According to Hicks, D.A. (1997), [8], no direct measure has been developed thus
far to account for inequality in the distribution of education and health/longevity among indi-
viduals when calculating the Human Development Index.

The author, Allen K (1991), addresses several issues with HDI. One of the issues men-
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tioned in the paper discusses the sensitivity of HDI to the choice of maximum life expectancy.
It effectively assumes that developed countries can make little or no progress in human devel-
opment [9].

The HDI indicator underwent some major changes in formulation in 2010. The Life
expectancy index, which represents long and healthy life, was calculated using the maximum
value of 85 years and minimum value of 20 years, respectively. The Education index is calcu-
lated using the arithmetic mean of ’Mean years of schooling’ and ’Expected years of school-
ing’. The Income index is calculated using the log of GNI per capita (PPP international dollars),
with a maximum of $75,000 and a minimum of $100. The HDI is the geometric mean of the
previous three normalized indices.

IHDI = (ILE · IE · IGNI)1/3

The previous HDI formulation used the arithmetic mean of the three component indices
- Life expectancy index, Education index, and GNI index. If one of the three indicators has
lower values and others have high values, the HDI index does not change as one low value
is substituted for another index’s high value. The issue is that one index’s low value is not
reflected in the HDI index. Desai also described this in his paper [10], in which he supported
the geometric mean method. In 2010 modification of HDI, UNDP adopted the geometric mean
formulation. Hence, the lower value of any index makes the HDI value lower for that country.
So, the current HDI considers the differences in all three indicators.

In the paper of S. Anand 2018, [11], the author critically examines the modifications
proposed in HDI in 2010 and verdicts in favour of the old HDI, which was calculated based on
the arithmetic mean of the indices. According to the author, the HDI measure suffers from seri-
ous defects. The paper suggests how HDI might be recast to overcome the problems identified
and better reflect the purpose for which it was devised.

In the 2010 Human Development Report [12], a new Inequality-adjusted Human De-
velopment Index (IHDI) was introduced. While the conventional HDI still has its value, the
report argues that the IHDI provides a more accurate measure of actual human development
by considering inequality. The IHDI index was introduced to address a limitation of the orig-
inal Human Development Index (HDI). The HDI did not account for inequality within these
dimensions, which can have a significant impact on human development [13].

Even though the current HDI has many good properties, it does not take into con-
sideration many factors which are crucial in today’s time. According to World Commission
on Environment and Development (WCED), [14], development is sustainable if “it meets the
needs of the present without compromising the ability of future generations to meet their own
needs.” This suggests the necessity of radical change in the composition of the current HDI.
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The topic of what constitutes a well-designed index and the key factors that must be
considered when creating an index is crucial. The construction of an index requires a thorough
analysis of potential variables. An index functions as a statistical tool offering valuable infor-
mation about the field it seeks to gauge. A well-designed index must accurately measure the
phenomenon and be easy to understand.

Many authors attempted to modify the HDI index and its components. In the HDR Re-
port of 2010, [15], the author evaluates current measures of political regimes and freedom and
whether these indicators are useful in assessing people’s political abilities. The author believed
that the focus should be on political and civil institutions that affect people’s opportunities to
achieve their goals. The author suggests adding indicators of political liberties and civil lib-
erties to augment the Human Development Index (HDI). Mehmet et al. [16] suggest adding
an additional component to the Human Development Index (HDI), which considers the unem-
ployment rate in a country. OECD countries have been selected for the analysis as the data for
other countries is not available. According to the author, the unemployment problem needs to
be considered in the long-term development perspective.

In the first part of the report, we analyse the HDI index. We study the correlation
between the indicators. Moreover, we propose a new HDI index which incorporates the two
new variables- a fraction of Renewable Energy consumption and a Gender Balance Index in
its current composition. According to the paper [17], sustainable development within a society
demands an effective and efficient utilisation of energy resources, which means that, in the
long term, it is readily available at a reasonable cost and can be utilised for all required tasks
without causing negative societal impacts. Hence, it is crucial that we include the consumption
of Renewable Energy as an indicator in HDI. If a country has very less renewable energy
consumption compared to the total energy, the HDI index for that country is penalised. Also,
the Gender Balance Index is essential since it is not represented in any of the earlier three
indicators of HDI. The Gender Balance Index is calculated as an arithmetic mean of the Gender
Parity Indicator and Sex ratio indicator. Furthermore, we also suggest a change in the minimum
value used for the Life expectancy index.



Chapter 2

Methodology

In the first part of the project, we analyze the Human Development Index to identify its limi-
tations and propose potential improvements. The goal is to provide suggestions for enhancing
the effectiveness and relevance of the HDI.

2.1 Current HDI Indicators

The data for the HDI ranking is sourced from the UNDP website [18]. The three dimensions
of HDI are as follows:

1. A decent standard of living:
This is measured by the GNI per capita (PPP $) indicator.

2. Knowledge:
This is measured by two indicators of Education. It is the arithmetic mean of the follow-
ing two indicators [19].

(a) Mean years of schooling

(b) Expected years of schooling

3. Long and healthy life:
This is measured by the Life Expectancy at Birth indicator.

The indicators are normalized by the formula given below,

actual value -min value
max value -min value

(2.1)

where maximum and minimum values are the endpoints of the indicators. The GNI index is
calculated by applying logarithm to the Gross National Income PPP $ per capita values and
then normalizing the indicator by using formula 2.1.

11



CHAPTER 2. METHODOLOGY 12

The current HDI aggregation formula is given by,

(ILE · IGNI · IE)1/3 (2.2)

It is the geometric mean of the three indicators. GNI is defined as a gross domestic product, plus
net receipts from abroad of compensation of employees, property income and net taxes fewer
subsidies on production.[20]. The Life expectancy index is calculated by using Life expectancy
at birth in years. Life expectancy at birth is a measure that predicts the average lifespan of a
newborn based on the current mortality rates [19].

In the next section, we look at the relationship between HDI and IHDI. We also find
the variance of the HDI indicators and the correlation between two HDI indicators using the
Pearson correlation coefficient.

2.2 Observations

2.2.1 Comparison with IHDI

Inequality-adjusted Human Development Index (IHDI) was proposed to account for
the inequality in HDI. To analyse the relationship between IHDI and HDI, we find the Pearson
correlation coefficient and plot both data. From Figure 2.1, it can be observed that both indices
are highly correlated.

Figure 2.1: This is a scatter plot of the IHDI vs the HDI indicator. The correlation between Inequality-
adjusted Human Development Index and the Human Development Index is 0.98.
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2.2.2 Variance and correlation of HDI indicators

Years σ2
1 σ2

2 σ2
3 ρ1 ρ2 ρ3

2015 0.031 0.032 0.014 0.96 0.96 0.92
2016 0.03 0.028 0.013 0.956 0.96 0.91
2017 0.029 0.028 0.013 0.957 0.96 0.915
2018 0.029 0.028 0.013 0.96 0.96 0.914

Table 2.1: Variance and Correlation coefficient table

In the Table 2.1, σ2
1 is the variance of Gross National Index, σ2

2 variance of Education
index, σ2

3 variance of Life expectancy index and ρ1 is the correlation between HDI and GNI
index, ρ2 is the correlation between HDI and Education index, ρ3 is the correlation between
HDI and Life expectancy index. The variance of the GNI index is the highest, while the Life
expectancy index has the lowest variance.

(a) Scatter plot of GNI vs the Education Index. The Pearson
correlation coefficient for this plot is 0.86.

(b) Scatter plot of GNI vs the Life Expectancy Index. The Pearson
correlation coefficient for this plot is 0.84.

(c) Scatter plot of GNI vs the HDI Index. The Pearson
correlation coefficient for this plot is 0.95.

Figure 2.2: From fig (a), (b), (c), we can observe that Education Index, Life Expectancy Index, and HDI
Index are highly correlated to the GNI Index.
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From Figure 2.2, it can be inferred that the GNI index is the most important index in
measuring HDI.

2.2.3 Analysing the goal posts of indicators

We also study the minimum and maximum values used to normalize the HDI indica-
tors.

Dimension Indicators Minimum value Maximum value
Income GNI per capita (PPP $) $100 per capita $75,000 per capita

Education Mean years of schooling (years) 0 15
Expected years of schooling (years) 0 18

Health Life Expectancy (years) 20 85

Table 2.2: Goal-posts (minimum and maximum values) of the indicators.

2.2.4 Sensitivity analysis of HDI with respect to Life expectancy

To study the change in the HDI ranking by eliminating one indicator, we remove the
Life expectancy index from the composition and calculate HDI using the two parameters of
GNI and Education. We choose the Life expectancy index because it has the least variance.
So the modified HDI index is given below,

IGE = (IGNI ∗ IE)1/2

Figure 2.3: The GE index is calculated by dropping the Life expectancy index from the HDI index. A
strong correlation between GE scores and the current HDI scores is observed. The Pearson correlation
coefficient for the data is 0.98.
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Observed limitations of current HDI

From Figure 2.3, we can observe that the HDI indicator has less sensitivity to the Life
expectancy indicator. We try to address this issue by incorporating additional parameters in the
HDI indicator to make it more comprehensive. From the data, we observed that the sources of
data of the indicators still have some errors in measurement. Ideally, the HDI score for a country
should be the average of the HDI scores of the entire population. But as it is not possible to get
the data of GNI, Life expectancy and education for each individual, we calculate the HDI based
on the overall value for a country. Also, the current three indicators of HDI do not include the
component of Renewable energy consumption and Gender balance. It has become critical in
today’s age to think about sustainability and gender balance. From Table 2.2, we observe that
the minimum value of the Life expectancy index is set to 20 years, which is lower compared to
the life expectancy values of all countries. Hence, we propose to set the minimum value to 40
years.
We enlist the key limitations observed in the current HDI below.

1. IEducation, ILife Expectancy, IHDI are highly correlated to IGross National Income

2. HDI can be predicted by dropping one or two of the three indicators of HDI.

3. The minimum life expectancy is set to 20 years, which is very low.

4. Time-dependent correlation between the parameters.

2.3 Results

2.3.1 Proposed improvements to the current HDI indicator

1. Re-balancing the Life expectancy index:
We replace the minimum value from 20 years to 40 years for re-balancing the index.

The new Life expectancy index can be calculated in the following way,

actual value − 40
85 − 40

It can be observed from Table 2.3 that the correlation between the Life expectancy index
and HDI increased after changing the minimum value of the Life expectancy index. After
rebalancing, all three indicators are equally correlated to HDI. This results in all three
indicators having equal weightage.

2. Proposing New HDI Index

The current HDI does not give a broader measure of human development. Hence we
propose to add two new parameters to the existing HDI.
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Years Correlation
coefficient after
re-balancing

Correlation co-
efficient before
re-balancing

Variance of LE
with minimum
set to 40 years

Variance of LE
with minimum
set to 20 years

2015 0.936 0.92 0.03 0.014
2016 0.936 0.91 0.029 0.014
2017 0.936 0.91 0.028 0.014
2018 0.935 0.914 0.028 0.013

Table 2.3: The correlation coefficient of the Life Expectancy Index with HDI before and after re-
balancing for different years is given in the table.

We use the following points while choosing an indicator which is also supported in [21].

(a) Analyzing how the chosen indicator will be useful and related to measuring the
phenomenon.

(b) Assessing the quality of data. If there are a large number of missing values or the
data is not sufficient in size.

(c) Check, if the indicators to be chosen are different from the other indicators.

(d) Indicators should be normalized to ensure appropriate analysis.

Addition of two new indicators: Per cent Renewable Energy consumption from total en-
ergy and Gender Balance Index [19].
Renewable energy consumption is the share of renewable energy in total energy con-
sumption. The Gender Balance Index is the arithmetic mean of two indicators; Birth
rate (crude) and Gender Parity Index (GPI)-School enrollment, primary and secondary
(gross). We normalize the Per cent Renewable Energy consumption from the total energy
indicator by the formula 2.1. While for normalizing Gender Ratio at the birth indicator
and the Gender Parity Indicator, we use the formula of e−(value−1)2/σ2 . We choose the σ

equal to 0.03 for the Gender Ratio index, while for the Gender Parity index, we set it
to 0.04. We also use the existing three indicators of HDI. Despite their high correlation,
the three indicators of HDI remain relevant because they exhibit different growth rates
over time. The GDP is the most varying index, which would change if the economy has
some drastic change, while life expectancy is the most stable. The indices used for the
modified HDI index are:

(a) HDI Index

(b) Percent of Renewable Energy Consumption in the Total energy

(c) Gender Balance Index

The modified HDI formula is

(IREI ∗ IGBI ∗ I3
HDI)1/5 (2.3)
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Figure 2.4: Scatter plot of proposed New HDI Index vs the current HDI Index for the year 2015
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(a) (b)

(c) (d)

(e)

Figure 2.5: Figures (a), (b), (c), (d), (e) represent the scatter plots of five indicators of proposed HDI
vs the proposed HDI Indicator. It can be observed that there is a low correlation between each of the
indicators and the proposed HDI indicator.
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Countries Proposed HDI Rank Current HDI Rank
Iceland 1 7
Norway 2 1
Denmark 3 9
Latvia 4 38
Montenegro 5 46
Estonia 6 29
Austria 7 18
Canada 8 15
Brazil 9 77
Costa Rica 10 58

Table 2.4: Ranks of the top 10 countries in the proposed HDI and the current HDI for the year 2015. The
most change in rank is of the country Brazil while the least change in rank is of the country Norway.

In Table 2.4, Iceland, Norway, and Denmark do not have significant changes in their
rankings as compared to Latvia, Montenegro, Brazil, and Costa Rica. However, Estonia, Aus-
tria, and Canada exhibit slightly more changes in their rankings than the top three countries.
Brazil has the most change in rank. This is because it has more consumption of renewable
energy than most developed nations [22, 23].

2.4 Conclusion

We aimed to analyze the current HDI index. The revised HDI takes a more compre-
hensive approach to measuring human development. Unlike the existing HDI, the modified
HDI incorporates renewable energy consumption, gender parity, and the male-to-female ratio
at birth, which are important aspects of human development. Furthermore, from Figure 2.5,
we observe that the indicators used in the new HDI are not highly correlated with each other,
indicating that each one is equally valuable in assessing human development. We also proposed
to set the minimum value of the Life expectancy index to be 40 years, which is a realistic value
as all countries have their life expectancy values (years) above 40 years. We also observed that
each indicator has a weaker correlation with the proposed HDI, making it more reasonable.
We include the three highly correlated indicators of HDI as well because we note that they are
useful in capturing both the slow and faster variations in development, i.e. while the national
income captures the fast varying component of the development, the life expectancy captures
the slowest component of development. Significant room for improvement remains within the
HDI, with one particular area being the consideration of inequality within a country into the
HDI ranking.



Part II

Introduction to modelling income
distributions
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Chapter 3

Introduction and Literature review

Income inequality has become a prominent issue worldwide, with increasing attention
paid to the disparities in income distribution across different social groups. The study of income
distribution is not only of theoretical interest but also has practical implications for public
policy, social welfare, and economic growth. Along with the modelling of income, we also
model wealth distribution by accumulating the savings of an individual over time. The wealth of
a person is often defined as accumulated income or assets over a period of time. Wealth can take
many forms, including physical assets such as property and financial assets such as stocks and
investments, which can be difficult to value and track. In contrast, income is typically reported
more regularly and accurately through tax and other financial records. Furthermore, wealth
is often passed down through inheritance, which can further complicate efforts to measure its
distribution accurately.

By modelling income distribution, policymakers and researchers can gain a better un-
derstanding of the drivers of inequality and identify policy interventions to address it. Mod-
elling can help identify how different variables, such as the capability of an individual or the
expenses, can impact income distribution.

Before discussing our work, we provide a brief history of fitting various distributions
to the income data and summarize the previous research conducted in this area. Pareto, in 1896
[24], was the first to discover that income follows a Pareto distribution. Pareto distribution is
a type of power law probability distribution. It was built on his observation that 80% of the
income is accumulated with 20% of people. From the observed tax data, Pareto stated that the
incomes at the top are well characterized by a power law.
A power law is given by the equation,

N(x) = cxα

where c and α are constants, α is called the scaling exponent, N is the number of households
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with income greater than x.

Early on, there was a debate about whether income distribution has Pareto or lognormal
distribution. According to Gibrat, lognormal distributions are generated by the law of propor-
tionate effect [25, 26]. In the paper [27], the author mentions that the distributions-power law
and lognormal distribution have similar generative mechanisms. The question of whether log-
normal or power law fits the income distribution was addressed by Aitchison and Brown in
their paper [28]. Aitchison and Brown proposed that lognormal may fit the income distribution
better. As much as it is important to understand the distribution of income, it is also important
to know the underlying factors leading to a Pareto distribution. Many researchers worked on
finding factors affecting the distribution of wealth and income. Piketty [29] proposed a the-
oretical framework in his work published in 2014, which explains the underlying factors that
influence wealth and inequality. According to him, “If a 30% tax rate is applied on all types of
capital, it can lead to a significant reduction in the concentration of wealth.” A simple model to
explain the evolution of income is described in the paper [30].
Evolution of income
Assume that people are exponentially distributed across age. Hence,

P [Age > x] = e−δx (3.1)

where δ denotes the death rate in the population.
Assume that income y grows exponentially with age at rate δ. Then,

y = eµx (3.2)

Inverting this assumption gives us the age at which an individual earns income y. The expres-
sion for age at which an individual earns income y is,

x(y) = 1
µ

log(y)

So, the Pareto inequality can be derived in the following way,

P [income > y] = P [Age > x] (3.3)

Using equation 3.1 and equation 3.3, we get,
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P [income > y] = e−δx(y)

= e−δ( 1
µ

log(y))

= elog(y
−δ
µ )

= y
−δ
µ

(3.4)

This simple derivation gives us the Pareto inequality index, which is the factor µ
δ
. For the wealth

inequality index, additional factors come into the picture. Wealth inequality is influenced by the
inheritance of wealth, disparities in education and human capital, the concentration of assets,
tax policies, expenditure, and social and demographic factors. This makes wealth distribution
more heavy-tailed than income distribution. Income distribution primarily reflects income over
a specific period, while wealth distribution reflects the accumulation of assets over time. The
question of whether or not talent or human capacity is a factor affecting the distribution of
income or wealth has been discussed for many years. The papers [31, 32] investigate wealth
accumulation by financial investments. It describes that the unequal distribution of wealth at
the higher range is by chance and not dependent on the skills of humans. In this project, one
of the major goals is to study the evolution of income, assuming that the human capacity is
normally distributed.

This report covers the approaches to studying income distributions from analytical
and stochastic modelling perspectives using the minimum assumption that the capacities of
individuals have a normal distribution [33, 34, 35]. Our research is motivated by the need to
understand the drivers of income inequality better and provide insights into potential policy
interventions to reduce inequality. It is also of interest to study if human capability has any role
in determining one’s income.

The first part of our study focuses on the analytical modelling of the income distri-
bution. For analytical modelling, we use the inverse transform method for modelling income
distribution under different assumptions. In this part, we are able to interpret the log-normal
as well as the Pareto component in the income distribution [27]. Our modelling approach is
based on minimal assumptions, making it particularly useful for informing policy decisions.
We compare these analytical distributions with empirical data of countries for different years
and study the evolution of income.

The second part is motivated by the paper [36], which debates the role of randomness
in success and failure. We use the Sequential Monte Carlo technique to simulate the evolution
of income distribution over time. We discuss the evolution of income from a uniform distri-
bution to a Pareto distribution with time and its relationship with the capacity in the two cases
of differential rewards and differential opportunity. The former assumes a stochastic increase
of income in proportion to the capacity of an individual. In addition, the latter assumes that
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the probability of an increase in income is non-uniform and proportional to the capacity. We
develop a dynamic model which studies the relationship between human capability and in-
come. We simulate the model to imitate the behaviour of income and, subsequently, wealth
and compare the distributions.

Overall, our research provides a comprehensive analysis of income and wealth distri-
butions using both analytical and stochastic modelling techniques. We aim to offer a better
understanding of the evolution of income with time and also study the accumulation of savings
to analyse the wealth distribution of a system of population.



Chapter 4

Methodology

4.1 Income modelling

4.1.1 Inverse transform method

Using the inverse transform method, we model income analytically. The inverse trans-
form method is used when there is a need to transform a probability distribution from one
random variable to another.

Suppose X is continuous with probability density function fX(x). Let y = h(x)
with h a strictly increasing continuously differentiable function with inverse x = g(y). Then
Y = h(X) is continuous with probability density function fY (y) given by

fY (y) = fX(g(y))g′(y) (4.1)

The growth of income is observed to be a multiplicative process. Starting from the
initial income I0, the current income is proportional to the previous income. This represents
the case of the differential reward. The multiplicative process is particularly useful in this case,
as the growth of income is dependent on the capability of an individual and cannot be described
using simple linear models. The proportional random growth creates a Pareto-like distribution.
Starting from the initial income I0, the next income will be I0(1+cx). The following equations
4.2 and 4.5 represent income growth. We find the density function of Income I in the following
two cases.
Case 1:

I = I0 · (1 + cX)t, (4.2)

where I0 is the initial income, X the capability distribution with N (0.5, 0.15), I income distri-
bution, c normalizing constant.
X is a continuous random variable with a Gaussian distribution. I is an increasing continuously
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differentiable function of X , hence, from equation 4.1 inverse exists. In equation 4.2, income
in the next time step is proportional to the previous income.

X = 1
c
( I

I0

1/t

− 1) (4.3)

Equation 4.3 gives the inverse function. By putting the values of I ranging from I0 to Imax

(Imax is calculated using the mean and standard deviation of capacity distribution), we find the
values of X associated with the income I for each t. Then, the probability density function for
I is given by

fI(i) = e−(Xup−µ)2/2σ2 · dX

dI
(4.4)

where,
dX

dI
=
(

c · t · I

(1 + cX)

)−1

and Xup are the values obtained by evaluating equation 4.3 at the values of I . In the following
equation, the growth is proportional to previous income, as well as the capability distribution.
Case 2:

I = I0 · (1 + cX)cXt (4.5)

where I0 is the initial income, X the capacity distribution with N (0.5, 0.15), I income distri-
bution, c normalizing constant.
X is a continuous random variable with a Gaussian distribution. The inverse function for equa-
tion 4.5 does not have a closed form. Hence, we use a numerical method to estimate values of
X .

f(X) = c · X · ln(1 + cX) − 1
t
ln

I

I0
(4.6)

We obtain the values of X by applying the bisection method to equation 4.6. Hence, the density
function for income I is

fI(i) = e−(Xup−µ)2/2σ2 · dX

dI
, (4.7)

where Xup are the values obtained by the bisection rule and

dX

dI
= {y[( c2Xt

1 + cX
) + c · t · ln(1 + cX)]}−1 (4.8)
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4.1.2 Results for Inverse Transform Method

(a)

(b) (c)

(d) (e)

Figure 4.1: Figures 4.1a- 4.1e show the evolution of income as the number of iterations increases from
t = 1 to t = 5.
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(f) (g)

(h)

Figure 4.1: Figures 4.1a-4.1h show the evolution of income for the analytical case. The curves for the
differential opportunity and differential rewards appear to converge to the Pareto curve for an increasing
value of t.

From Figures 4.1a -4.1h, it can be observed that the curve for the case of the differential reward
slowly evolved into a Pareto-type curve [37].

4.1.3 Sequential Monte Carlo simulation

We study the variations in case (2) of the inverse transform model using sequential
Monte Carlo because the equations for including both the positive and negative events become
complex. Sequential Monte Carlo, also known as particle filtering, is a computational technique
that sequentially approximates the posterior distribution. It is especially efficient in complex
models.

Case 1: The income changes in proportion to the capability of the individuals.

Algorithm
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Input:
1. Array of initial income: I0 = 1
2. Capacity distribution array (Normal): C(i) ∼ N (µ, σ), for i = 1 to N

Output: Final income array (I)

for k iterations do
for every individual i = 1 to N do

if C[i] > rand(U [0, 1]) then ▷ Similar to Coin toss on an individual
I[i] = 2 ∗ I[i − 1]

The initial income is 1 unit for all individuals, and every individual is associated with a capacity
sampled from a normal distribution with a mean of 0.5 and a standard deviation of 0.15. In each
iteration, we check if the capacity of an individual is greater than a random number generated
from U [0, 1]. This condition signifies that a high-capability individual should have a high
probability of income update. In the real world, an individual’s potential may not be the only
factor in determining their success, as luck also plays a role in whether they are able to seize
opportunities or not. This can be referred to as a coin toss. It induces stochastic nature in the
model.
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4.1.4 Results for Sequential Monte Carlo Case 1

(a) (b)

(c) (d)

Figure 4.2: Figures 4.2a- 4.2d show the evolution of income as the number of iterations increases from
t = 0 to t = 3.
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(e) (f)

(g) (h)

(i)

Figure 4.2: Figures 4.2a-4.2i show the evolution of income for the case where income update is only
dependent on the capability distribution.
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It can be observed that as the iterations increase from t = 1 to t = 8, the distribution appears
to follow the power law distribution.
Case 2: The income changes in proportion to the capability, positive and negative events.

Algorithm Case 2:

Input: 1. Array of initial income: I0 = 1
2. Capacity distribution (Normal): C(i) ∼ N (µ, σ) for i = 1 to N

3. N Individuals associated with position either positive and negative numbers in the ratio 2:1.
Position P (i) ∼ rand([−1, 1])

Output: Final income array (I)

for k iterations do
Shuffle array P

for every individual i = 1 to N do
if P [i] > 0 then

if C[i] > rand(U [0, 1]) then ▷ Similar to Coin toss on an individual
I[i] = 2 ∗ I[i − 1]

else
I[i] = I[i − 1]/2

The initial conditions of the model are:
N=1000, where N is the number of individuals. I0 = 1, where I0 is the initial income. C:
Capability distribution with mean µ = 0.5 and σ = 0.15. The ratio of positive to negative
events is 2:1.
N individuals are associated with a position R(i) ∼ rand([−1, 1]), and initial income I(i) =
I0 = 1. Each individual has capability C(i) ∼ N (µ, σ). The capability distribution is fixed
at the start of the simulation, but the income is updated at each time step (iteration). At each
time step t, for every individual, if R(i) ∈ [0, 1] for i ∈ {1, . . . k}, i.e. positive event occurs,
and if C(i) > rand(U [0, 1]) then the income of an individual with position R(i) is double of
the previous income. If R(i) ∈ [−1, 0) for i ∈ {1, . . . k}, i.e. negative event occurs, then the
income is half of the previous. At the end of the simulation, we get the final income distribution.
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Figure 4.3: Flowchart representing the working model

The flowchart in Figure 4.3 represents the case (2) model.
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4.1.5 Results for Sequential Monte Carlo Case 2

(a) (b)

(c) (d)

Figure 4.4: Figures 4.4a- 4.4d show the evolution of income as the number of iterations increases from
t = 1 to t = 3.
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(e) (f)

(g) (h)

(i)

Figure 4.4: Evolution of income for the case where income update is dependent on the capability distri-
bution as well as positive and negative events.
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In Figures 4.4a - 4.4i, it can be observed that as the iterations increase from t = 1 to 8, the
distribution appears to follow power law distribution.

4.1.6 Household annual income data distribution

Figure 4.5: This data represents the distribution of income in US annual households.

From Figure 4.5, it can be verified that the income distribution data follows a similar distribu-
tion as that of the simulation plots [38]. The tail of the empirical data distribution is heavy-
tailed, which suggests it follows the power law distribution.

4.1.7 Observations

Does income rise exponentially with age?

One of the issues with generating the Pareto distribution mechanism is that the deriva-
tion is dependent on the fact that income rises exponentially with age. But from Figure 4.6 of
US median household income data, we find that the median income rises for the ages 15-54
and then drops for those ages above 55. Hence, the claim that income rises exponentially with
age may not be necessarily true.
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Figure 4.6: US household median income data 2020

4.1.8 Conclusion

Does the highest capability person have the highest income?

Figure 4.7: Distribution of capabilities of individuals with the highest income over 100 simulations.

As observed from Figure 4.7, The capability of individuals with the highest income
for 100 simulations has a mean of around 0.7. This is because the CDF of a uniform random
variable is a straight line with an increasing slope. As the capability of individuals is drawn
from a normal distribution, most of the values lie around 2 standard deviations from the mean
of the normal distribution. Hence, the mean shifts from 0.5 to 0.7. This is because, as the capa-
bility value increases, the probability that the value is greater than a number from uniform [0,1]
increases. Therefore, the highest capability person is necessarily the person with the highest
income.
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4.2 Wealth distribution

We extend income modelling and include savings as a variable which will accumulate
over time. In this model, we assume all individuals have equal initial income. The stochastic
factor comes from the individual’s ability to take advantage of the opportunity. Although wealth
consists of many factors, such as investments, savings, inheritance, and donations, it is equally
difficult to model these factors. We model the wealth distribution by considering different cases
for the savings rate.

4.2.1 Constant savings rate

We build a simple wealth model by considering a constant savings rate for all individ-
uals. In this case, we ask the question of how wealth will evolve if each individual allocates a
uniform per cent of their income, regardless of the income, in a specific time period.

Algorithm

Input:
1. Array of initial income: I0 = 1
2. 2d Capability distribution, with one dimension being the capability of the person, which is
drawn from the normal distribution with a mean of 0.5 and standard deviation of 0.15. The
second dimension is savings which are initialized to be zero for all individuals.
3. Savings rate: Sr = 0.2

Output: Final income array (I⃗) and final Savings S⃗

for k iterations do
for every individual i = 1 to N do

Create a unit vector of savings
if 1-norm of 2d capability vector is greater than sum of rand(U [0, 1]) and mean of

unit savings vector then
I⃗[i] = 2 ∗ I⃗[i − 1]

S⃗[i] = S⃗[i] + Sr ∗ I⃗[i]

In the wealth distribution model, we assume that the capability distribution is a two-dimensional
quantity, with one dimension being the normal distribution and the other dimension of savings.
The savings vector updates in each iteration while we fix the normal distribution at the start of
the simulation.
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Results

(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Figures 4.8a- 4.8f show the evolution of wealth as the number of iterations increases from
t = 1 to t = 6
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(g) (h)

Figure 4.8: Figures 4.8g-4.8h show the evolution of wealth as the iterations increase from t = 7 to t = 8

4.2.2 Linear savings rate

(Dynamic minimum and maximum)

Algorithm
Input:
1. Array of initial income: I0 = 1
2. 2d Capability distribution, with one dimension being the capability of the person, which is
drawn from the normal distribution with a mean of 0.5 and standard deviation of 0.15. The
second dimension is savings which are initialized to be zero for all individuals.
3. Savings rate vector: S⃗r = [0.2, 0.2, ..., 0.2]

Output: Final income (I⃗) and final Savings S⃗

for k iterations do
Imin = 0.05 ∗ max(I⃗)
Imax = max(I⃗)
for every individual i = 1 to N do

Create a unit vector of savings
if 1-norm of 2d capability vector is greater than sum of rand(U [0, 1]) and mean of

unit vector of savings then
I⃗[i] = 2 ∗ I⃗[i − 1]

if I⃗[i] < Imin then
S⃗r[i] = 0

else
S⃗r[i] = (I⃗[i] − Imin) / (Imax - Imin)
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S⃗[i] = S⃗[i] + S⃗r[i] ∗ I⃗[i]

Results

(a) (b)

(c) (d)

Figure 4.9: Figures 4.9a- 4.9d show the evolution of wealth as the number of iterations increases from
t=1 to t=4.
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(e) (f)

(g) (h)

Figure 4.9: Figures 4.9e-4.9h show the evolution of wealth as the iterations increase from t = 5 to t = 8.

In the case of a dynamic linear saving rate, the saving rate changes in every iteration
dependent on income. We assume that individuals with incomes at the bottom 5% have zero
saving rate. In this case, every individual saves a fraction of their income based on their current
income.
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4.2.3 Observations

Comparison of convergence of income and wealth distribution to Pareto

Income model
(Case 2)

Wealth Model
(Constant saving
rate)

Wealth Model
(Dynamic sav-
ing rate)

α after 8 iterations 1.1 0.69 0.53
xm after 8 iterations 1.1 1.6 1.77

Table 4.1: Estimation of Pareto parameters for the three models after 8 iterations. As observed from the
table, the wealth model with a dynamic saving rate has a small alpha value than the other two models.

We estimate the scale and shape parameters of the Pareto fit for the above models [39].
The Pareto distribution is characterized by the shape parameter α and the scale parameter xm.
The shape parameter α determines the shape of the distribution, while the scale parameter xm

determines the location of the minimum value of the distribution. For the income model, the
shape parameter has a value larger than that for the wealth model. The Pareto curve for the
wealth model converges faster than that for the income model.

Factors affecting the runway cycle of wealth.

As the income increases in the model, the individual’s savings also increases. This is
because the savings are proportional to income. However, some factors negatively affect the
runway cycle of wealth.

The wealth model presented in this report is a generalized and simple model which
showcases the increasing inequality in wealth distribution. As we add more parameters to the
model, such as taxes, government laws and policies related to incomes, expenditure, inflation,
and so on, the model becomes complex. In real-life scenarios, many such factors affect the
change in distribution, which are difficult to model for a large population. These are some of
the factors for the increasing Pareto curve.

4.3 Conclusion

This project aimed to model the evolution of incomes with time under a minimal set of
assumptions. We discussed the evolution of income using the two stochastic models- differen-
tial rewards and differential opportunity. In the case of differential rewards, the probability of
an increase in income is proportional to the capacity of an individual. While in the case of dif-
ferential opportunity, the probability of an increase in income is non-uniform and proportional
to the capacity.
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We observed that the income and wealth distribution exhibit Pareto distribution. We
assumed that the capability of individuals has a normal distribution. In the case of the evolution
of wealth distributions, the convergence to Pareto is slow for the constant savings rate compared
to the linear savings rate. In the case of a linear saving rate, the individual with higher income
has a higher saving rate, and the individual with low income has a lower saving rate, leading to
highly unequal wealth distribution.

Many underlying factors impact the distribution of wealth, such as behavioural, geo-
graphic, economic and political factors, which can make the model very complex. But some
of these factors can indeed be included in the sequential Monte Carlo model used in this work,
with little effort.
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