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ear model includes three key variables, namely the cancer cell density, the extra cellular
matrix (ECM) density and the matrix degrading enzymes (MDE) concentration. In order
to investigate the effects of tumor growth and invasion on a realistic geometry, the in-
teractions between the cancer cells and the host tissue are incorporated into the model.

Iégﬁ‘év::(zsn'vasion The convergence study and the validation are first performed for the proposed numerical
Nonlinear diffusion scheme. Then the effects of nonlinear diffusion and ECM-dependent haptotaxis on tumor
Nonlinear haptotaxis effect growth and invasion in three-dimensional geometries are presented. Finally, several nu-
Finite element simulations merical simulations are performed with different combinations of nonlinear diffusion and
Breast geometry haptotaxis functions to get an insight into the tumor invasion on a realistic (breast) geom-

etry. The proposed computational model can be used to predict the location and shape of
the tumor in realistic geometries at a particular instance.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The incidence of cancer among the people around the world has grown rapidly over the last decade. Globally, cancer is
becoming the second leading cause of death after cardiovascular diseases [1]. Especially, the incidence of breast cancer is
increased among women [22]. Metastasis (the process of spreading and formation of secondary tumours) behavior of cancer
cells is the major cause of death in cancer patients. Therefore, prediction of tumor stage, size and progression is very crucial
for cancer treatments, in addition to an early detection of the tumor.

Mathematical model is one of the useful and inexpensive approaches to determine and predict the stage, size and pro-
gression of tumors in realistic geometries. Moreover, these models can be used to get an insight into the cancer growth and
invasion. Further, they can also be used to analyze the tumor size and shape for cancer treatment and surgical plannings.
Several mathematical models have been proposed in the literature over the last few decades to model the cancer dynamics,
see for example, [4,16,26,32,42]. The invasion of cancer cells is modeled either by using a discrete cell-based approach that
focus on individual cell behaviors [3] or by using a continuum approach [2,17] that deals with the evolution of the cancer
cell densities. Under the assumption that the initial number of tumor cells are relatively small, one can get computationally
reasonable results using the discrete cancer invasion model. However, the above assumption is too strong to identify clin-
ically significant size of tumor with the current imaging techniques such as MRI, CT-Scan etc. Therefore, we consider the
continuum tumor invasion mathematical model in this study.
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A number of numerical methods have been proposed in the literature for computations of cancer invasion and related
continuum mathematical models. The finite difference method [9,10], finite volume method [24], method of lines [19] are
the most commonly used methods in the literature for cancer migration models. Apart from the numerical studies, math-
ematical analysis such as existence of the solutions, boundedness and exponential convergence of the solutions have also
been reported in the recent studies, see for example [23,40,41] and the references there in. In general, finite element method
(FEM) is preferred for computations on complex geometries, especially, computations on realistic geometries such as brain,
breast, prostate etc. Zheng et al. [45] and Peterson et al. [31] proposed an adaptive finite element method in two-dimensional
(2D) domain for vascularized tumor models to simulate the angiogenesis process. Further, discontinuous Galerkin finite el-
ement methods have also been successfully applied in [15] for haptotaxis-chemotaxis problems in 2D domains. To study
the tumor growth based on the continuum theory of mixtures, a 2D mixed finite element method has been proposed in
[12]. Recently, Vilanova et al. [43] have performed numerical simulations for discrete/continuum tumor angiogenesis model
using finite element method with growth of capillaries in 2D spatial domain. An implicit level set finite element numerical
scheme for reaction-diffusion-advection equations related to tumor invasion models on an evolving in-time-hypersurface
on two-dimensional domain has been proposed and studied in [35]. A positivity preserving finite element method has
also been proposed and studied in [37,38] for chemotaxis type problem (not for cancer invasion models) on both two-
and three-dimensional spatial domains. Most of these studies have also been carried out for cancer or related models in
two-dimensional domains. Nevertheless, only a few numerical studies on cancer invasion have been reported for realistic
geometries. Moreover, the work of Gavaghan et al. [20] shows the necessity of numerical computations for realistic biologi-
cal domain in cancer invasion studies for clinicians. Clatz et. al [11] proposed a reaction-diffusion three-dimensional model
to study the growth of glioblastomas multiforma (GBM) tumors and accomplished computations for invasion of GBM tumors
using FEM on realistic brain spatial domain. However, the authors considered only the tumor density in their model. Apart
from this work, the authors are not aware of any numerical computations using FEM on realistic geometries to study the
cancer invasion.

In this work, we consider a highly nonlinear coupled cancer invasion 3D model with density-dependent diffusion and
haptotaxis functions. Further, the finite element scheme for solving a tumor model on realistic 3D domain is proposed in
this work. The considered mathematical model focuses on the spatial competition between cancer cells and host tissues.
In addition, the considered model is capable of explaining the invasion of avascular tumors and metastasis behaviors of
the cancer cells in a detailed manner. The proposed finite element scheme is also implemented for the model with various
density-dependent nonlinear diffusion and haptotactic sensitivity functions.

The paper is organized as follows. In Section 2, the governing equations of cancer invasion model consists of cancer
density equation, ECM density equation and MDE concentration equation are introduced. Then the dimensionless form of
the model equations and the initial and boundary conditions of the cancer invasion model are also presented in that section.
Further, different density-dependent nonlinear diffusion and haptotactic sensitive functions are provided in Section 2 for the
proposed cancer invasion model. Variational formulation of the cancer model, the finite element discretization, and the
solution procedure for the nonlinear system are presented in Section 3. The convergence study, grid independence test and
validation of the proposed numerical scheme are presented in Section 4. Effects of various nonlinear diffusion functions and
haptotactic functions on both cube and realistic geometries are also presented in Section 4 and 5 respectively. Finally, the
observations of this study are summarized in Section 5.

2. Tumor invasion computational model

In this section, a three-dimensional cancer invasion model is presented. The unknown functions in the model are the
cancer cell density u, the extra cellular matrix (ECM) density v and the matrix degrading enzymes (MDE) concentration
w. Let Q c R3 be the computational domain and 92 be the boundary of the domain. The computation starts with the
initial time zero and it ends at a specified time I. Here, we briefly recall the derivation of cancer invasion model presented
in [2] with some modifications. Further, this model simulates micro-environmental interactions of cancer cells aiming to
anticipate its spatio-temporal evolution in realistic geometries.

2.1. Mathematical model

The migration of the cancer cells into the ECM domain as well as the proliferation of cancer cells are described by a set
of partial differential equations (PDEs). The density of cancer cells in € which has non-uniform growth and invasion in the
time interval (0, I) is modelled by the reaction-diffusion equation

Jau .

g:V.j(u,v,w)—i-S(u,u)—T(u) in 2 x (0,1). (2.1)
Here, | represents the motility flux of the cancer cells, S the proliferation rate of the cancer cells and T the death rate or anti
cancer treatment effects of tumor. The motility flux of tumor cells can be expressed as a linear combination of two different
fluxes,

] :]diffusion +Jhaptotuxi5v
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where Jgifusion 1S random motion of tumor cells and Jpgpeoraxis 1S @ diffusion due to the effect of haptotaxis, that is, a directed
movement of cells towards the gradient of fixed or bounded components such as non-diffusional ECM. In general diffusion
flux and the haptotactic flux are modelled by

.]diffusion =-Dy (u, v, W)VU, Jhaptotaxis = Xo (U)UVU,

where the diffusion coefficient Dy(u, v, w) is a constant or a function of the cancer cell density, ECM and MDE, and xo(v)
is the haptotactic sensitivity function. In addition to the random and haptotaxis diffusion, cancer cells can proliferate in an
uncontrolled manner without obeying the usual signal of the healthy cells. In general, the proliferation rate can either be a
simple linear function or a logistic growth or based on the Gompertz law, and the respective models are given by

u v v

S(u,v) = M(U — V)’ Su,v) = ,uu(l — g — V)’ S(u) = uulng.

Here, u > 0 is a growth rate constant, K is the carrying capacity of cells and U,V are the reference densities of u and v,
see for example, [10,27,30]. Further, assume that the death rate of cancer cells T(u) is zero and use the logistic growth rate
model. Hence, the governing equation for the tumor cell density become

% =V.(Dy(u,v,w)Vu) — V. (xo()uVv) + u,u(l - % - %) in Q x (0,1). (2.2)
We next consider the continuum model for ECM. In tumour growth, MDEs, for example, matrix metalloproteinases, produced
by the cancer cells degrade most of the components of ECM. It also degrades collagens (collagenases), laminins and as well
as the cell adhesion molecules, growth factors and growth factor receptors through which they also influence the cellular
signaling and function. Here, the degradation processes is modeled by kvw, where k is a positive constant. Moreover, ECM
is not static, and it remodels continuously. In this work, we assume that the remodelling growth of ECM follows a logistic
growth, that is, ,ouv(l -4- 3) where py is a positive constant. Eventually, the model equation for ECM is given by

v u v .
ot = —low + p,,u(l -5 V) in Qx (0,1). (23)

Finally, the model for MDEs are considered. The MDEs are produced by cancer cells, and it is assumed to be diffuse through-
out the tissues due to its random motion. Further, MDEs undergo some form of natural decay and also have a growth in-
duced by cancer cells, and these processes are modelled by yw and ;u(l - %) respectively. Here, ¢ is a positive constant
and W is a reference MDE concentration. Hence, the model equation for MDE is given by

ow
ot
where D,, is a constant diffusion coefficient of MDE.

D AW + ;u(l - %) —yw  in 2x(0,1), (2.4)

2.2. Dimensionless form
Let L=0.1 cm and 7 = %, (where D~ 108 cm2s—1) be the characteristic length and time scales, respectively. Using
these characteristic and reference values, define the dimensionless variables as
L LA LU S L
U’ v’ w’ L’ T
Applying these dimensionless variables to the system (2.2)-(2.4), and omitting the tilde afterwards, the dimensionless form
of the Eqgs. (2.2)-(2.4) in Q x (0, I) become:

% -V .(di(u,v,w)Vu)+ V- (xu(v)uVv) — Au(l-u-v) =0,
%-FT]UW—,OU(] —u—-v) =0,
%—Vtv—dzAw—au(l —-w)+pBw=0. (2.5)
where
di(u, v, w)="20W) g, — e ) —rp xu(v) = 2BV
n=1tkW, a=10%, B=1y. P = pyT

are the dimensionless numbers.

In most of the previous studies, the cancer diffusion d; and the sensitivity function y have been considered as constants
or functions of space variables, see for example [7,10]. However, the cancer diffusion and the sensitivity function need not
be constant always. Nevertheless, non-constant diffusion and sensitivity functions have been considered in some other cell
migration models, that is, in models on wound healing, chemotaxis equations, glioblastoma, see for example [21,25,34,36].
Thus, we consider the following variants for the cancer diffusion function d;:

For a constant ¢ > O,
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DO: dq (u,v,w) = c, represents that the random motility coefficient is constant.

D1: dq (u, v, w) = cw, directly proportional to MDE consideration (it means that the random motility of cancer cell is high
when there is a high concentration of MDE).

D2: dy(u,v,w) = c(1 + uv), represents that increased cancer cell random movement towards the high density of region
of cancer cells and ECM.

D3: di(u,v,w) = Truw denotes that decreased diffusion rate for an increased cancer cell density and ECM density and

on the other way around.
d3uN
a+uN’
small (the migrating tumor cells), but diffusion will be smaller when the cell density is large (the proliferating tumor
cells).

D4: di(u,v,w) =c+

where a > 0,N > 0 and d3 < 0, suggests that diffusion is large when the amount of cells is

Moreover, the following variants of the sensitivity function are also considered in this study: For a constant x > 0,

HO: Direct measurement: x,(v) = x

H1: A logarithmic law: x,(v) = 5

H2: A receptor kinetic law: x,(v) = X

(1+v)?

H3: Michaelis-Menten kinetics: y,(v) = %
2xv

1 +v?)?

H4: Cooperative binding: (V) =

2.3. Boundary and initial conditions

Under the assumption that the interactions of the cancer cells with ECM and the degradation of ECM by MDE takes
place in an isolated system, the zero-flux type boundary conditions for the unknown space-time functions of the model are
imposed, that is,

E. (—di(u,v,w)Vu+ x,(v)uVv) =0 on 9Q x[0,]], (2.6)
ow
E =0, on JQx][0,1], (2.7)

where & is the outward normal vector on d€2. Further, the initial conditions

B _Jexp(=2), rel0,0.25]
o =ux.0) = {o, T re(025.1]
1p=v(x,0)=1-0.5u(x,0), (2.8)
wo =w(x,0) = 0.5 u(x,0), in Q

for the given system (2.5) with € = 0.01 and 1? = x? + x3 + x3.

2.4. The parameter choice

The values for the parameters in (2.5) are needed for computations of the cancer invasion model. The values of these
parameters are chosen from the literature and the experimental observations. Based to the theoretical and clinical studies,
the dimensional values of the diffusion coefficients of the cancer density and the MDE concentration varies from 10~ to
10~ "em?2s—! [6,7,10,33,39]. Further, the cancer cell proliferate rate lies between 0.02 — 0.72 h! [9,29,33,44] and the MDE
decay rate varies from 2 s to 5 h [5,9,10]. Thus, the non-dimensional values of d; and d, are chosen between 10> and
10-3. Moreover, the dimensionless range of A and B are between 0.05 and 2. Due to the lack of experimental evidence,
values of all other parameters are chosen as used in the literature. The used non-dimensional values of the parameters are
X €10.001, 1], n € [1, 20], p € [0.25, 4] and « < [0.05, 1], see for more details [9,10,27].

3. Finite element scheme

In this section, we present a finite element scheme for the considered model. We consider the dimensionless form
(2.5) of the cancer invasion mathematical model, and then derive the variational forms of the cancer cells density equa-
tion, the ECM density equation and the MDE concentration equation. After that, the spatial and temporal discretizations are
presented.
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3.1. Variational formulation

Let I2(R2) and H'(R2) denote the usual Lebesgue and Hilbert spaces, respectively, and (-, -) denotes the inner product in
L2(Q). Let L%(0, I, H'(S2)) be the solution space for the cancer cell density u, ECM density v and MDE concentration w. Now
derive the variational form of the cancer invasion system (2.6) by multiplying each equation in the system by a test function
¢ € H'(Q), and integrate over Q. After applying integration by parts to the higher order derivative terms and imposing the
no flux boundary condition, the variational form of the system reads:

For given ug, vg, wg € L2(Q) find u,v,w € L%(0, I, H(Q)) with v’ € [2(0,1, H-'(R)) such that

au
<3t’¢> + ay (u; u; v; w, ) =0,
<gl;,¢>> +ay(v;v; s w, ) =0, (3.1)
(5r-0)+ avtwsnor=s. o)
for all ¢ € H'(Q), where
a, (u; 4; v; w,¢)=/ dq(u, v, w)Vu~V¢dx—/ Xu(v)uVu-V¢dx—A/ u(l—id-v)pdx,
Q Q Q
ay(v; u;w,¢)=n/ vw¢dx—p/ v(1 —u—1)¢pdx,
Q Q
ay (W u,¢):d2/ Vw-V¢dx+/ w(au + B)¢ dx,
Q Q
f(u,qb):/ aug dx.
Q

Note that u € L2(0, I, H()) and u’ € [*(0,1, H-1(R2)) implies that t—u(t) as a mapping from [0, I] into L2(R2) is continuous.
Here H=1(Q) is the dual space of H(Q).

3.2. Discrete problem

In this section, we first present the temporal discretization of the coupled variational system (3.1). In particular, the
application of Crank-Nicolson time discretization is used for the system. Further, an iteration of fixed point type is developed
to handle the nonlinear terms in the system. Moreover, the choice of the finite elements for the spatial discretization of the
system (3.1) is also discussed.

3.2.1. Temporal discretization

Let 0=t0 <t! <... <tN =1 be a decomposition of the considered time interval [0, I], and §; =t" —t" ! n=1,..- N
denotes the uniform time step. Also, let u"(x) := u(x, t"), v(x) := v(x, t"), w'(x) := w(x, t") be the semidiscrete solution
at time t". After applying the implicit Crank-Nicolson discretization scheme, which is second order and A-stable, the semi-
discrete (continuous in space) form of the system (3.1) reads:

For given u™1, v"~1 and w"! with u® = ug, 1° = vy and w° = wy, find u", v, w" € H(Q) such that

un — yn-1 1 1
—5 ¢ +Eau(u”;u“;v";w",¢)=—§au(u"‘1;u"”;v”‘];w“‘l,qb),
! —Un71 1 N. 0. 4,1 n 1 n—1.,,n-1.,n-1 n—1
—s @ +§au(v;v;u;w,¢)=—§av(v o hutwl ), (3.2)
t
Wn _Wn—l 1 1 un +un—1
<8t’¢> +2aw(W”;u”,¢)=zaw(W"1;unl,¢)+f(2 9 ).

forall e HY(Q)and n=1,---,N.

3.2.2. Solution of the nonlinear system

In addition to the nonlinearity in the semi-discrete (continuous in space) form of the system (3.2), the coupling between
the equations makes the computations more challenging. A fully implicit treatment of the nonlinear and coupled terms
leads to a coupled, nonlinear algebraic system, and it will be very challenging to solve with a nonlinear solver. Contrarily,
an explicit treatment of the nonlinear and coupled terms leads to a decoupled, linearized system. However, it may impose a
severe restriction on the time step. Therefore, an iteration of fixed point type [18] is proposed to handle the nonlinear and
coupled terms semi-implicitly.
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Let us briefly explain the fixed point iteration steps for the nonlinear terms in the cancer density equation in the time
interval (¢"-1,t"). Let ug = u™1, then the nonlinear integral terms in the cancer density equation are replaced with

fgxu(u AT V¢dx_/ Xu WDV - Vb dx: /Qu;}(l—u;j—v;:)¢dx:/9u}}(1—u;:71—v;:71)¢dx,

for k=1,2,.... Further, we iterate until the residual of the linearized system becomes less than the prescribed threshold
value (10-8) or until the given maximal number of iterations. Finally, we set, u* = up , and advance to the next time step.
Using the above prescribed iteration of fixed point type, the linearized (semi-implicit) form of the semi-discrete system
(3.2) reads:

For given uf = u"', v} =v"~1 and w} =w"~!, find u, v and w} such that for all ¢ € V

(ug, ¢)+ au(uk,uk GV Wi ) = (! ¢)— au(u” Luthvthwtl ),
u + yh- 1
(WI<’¢)+ 5w (Wi U, @) = 5tf(7k ¢) + (w! ¢)— aw(W" Lumt ¢).
(Uk ¢)+ ay(vk,vk puk,Wk ¢) =" ! Q) — av(vn L 1,Un71§Wn7]7¢), (3.3)
fork=1,2,...and n=1,---,N. In computations, the fixed point iteration converges within two or three iterations for the

prescribed residual threshold 10~8, and the number of iterations increases when §; is increased.

3.2.3. Finite element discretization

Let ©, be a triangulation of Q into tetrahedral cells. Suppose V), c H!(RQ2) is a conforming finite element (finite dimen-
sional) subspace of H'(2) with basis functions {¢;}, i =1, 2, ..., N such that V, = span{¢;}, where A is the number of de-
grees of freedom. Further, define the finite element ansatz functions as

N N N
e = w0, 0 =Y U0, w0 =3 wigi(x).

i=1 i=1 i=1

Using the discrete form of the functions in (3.3) leads to a system of linearized (semi-implicit) system of algebraic equa-
tions

8f n_ 8f u n—1

M+2 U= M — 2A u
8f v n 8f~ n—1

M+ SA" )V = (M= AV |V (34)
(Sf w n Sf n—1

M+3A Wi = M—§AW W=+ 8 (F + F),

where " = vec(U™), V" =vec(V") and W" = vec(WW") are the vectorization of the solution matrices " = [u”] V= [v"]
and W" = [W”] respectively. Further, we denote the fully discrete solutions by uj . vh  and wp, at a fixed pomt step I< =

1,2,....In the system (3.4), the entries of the mass, stiffness matrices and the source vector at a fixed point iteration step
k are given by

[M]; = /Q $i(x) ¢;(x) dx,

[Av]; = /Q di (VW V() - V() dx — /Q Xu(W ) Gi(0) VUl Vi (x) d
») /Q G0 (1—uf oy —Vh, ) b0 d,

[At]; = /Q WY V0 de - /Q i) Vi V0 d
») /Q G (- — 1) i) dx,

[A); = 7 /Q $i00) W, (0 dx — p /Q B0 (1, — ) (0

[Av); = 1 fQ 0w g b p fQ G0 () 600 d
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(A= da [ V0 Vg0 et [ 910 (o + B) g0 d,
A= do [ V0 Vgydxr [ 910 (o +B) 0 d,
h h
(Fli=o [ uf, ¢ dx.
Q
Fli=o [ u! g dx
Qp

4. Numerical experiments

We first present a convergence study to show the optimal order of convergence of the proposed finite element scheme.
Next, a mesh convergence analysis for the discrete cancer system (3.4) is performed to obtain a grid independent solu-
tion. Further, the proposed finite element scheme is validated for the considered cancer invasion model using the existing
numerical results presented in [17]. Moreover, an array of simulations are performed to study the effects of different density-
dependent nonlinear diffusion functions and haptotactic sensitive functions in an unit cube and realistic geometries.

The numerical scheme is implemented in our in-house finite element package ParMooN, and the system of algebraic
equations are solved using UMFPACK [13,14]. Computations are performed using Intel(R) Core(TM) i7-3770s CPU with 3.10
GHZ and 8GB RAM.

4.1. Convergence study

To perform the convergence analysis of the proposed numerical scheme, consider a sufficiently smooth solution for the
following cancer invasion coupled model

g—ltl — V. (di(wv,.w)Vu) + V- (xu)uVv) —iu(1 —u—-v)=f, in (0,1)3 x (0,1),
% +nuw—pv(1—u—v)=f, in (0,1)3 x (0,1), (4.1)
%—Vtv —dyAw —au(1 —w) + Bw=f,, in (0,1)3 x (0,]).

Here, the source terms fy, fy, fw, initial and non-homogeneous Dirichlet boundary values are chosen such that the solution
of the system (4.1) is

u=e ¥ sin(mx) cos(my) cos(wz), v=-e ¥sin(mwx)sin(ry)sin(wrz), w=e ¥ cos(mx)sin(my)sin(rz).

For this test example, an array of computations with different levels of meshes and spatial discretizations on Q = [0, 1]
are performed. The three-dimensional domain €2 is decomposed into hexahedral cells and trilinear finite elements are used.
The initial mesh level consists of 27 degrees of freedom (unknown solution coefficients) for each unknown u, v, w with
the mesh size h = 0.866025. Further, the successive levels of meshes are obtained by uniformly refining the initial coarse
mesh. Computations are performed up to the level, in which the number of degrees of freedom is 35937 and the mesh size
h = 0.0541265. Further, the numerical errors are computed using

E; 1=1°C(0, L LZ(Q)) = n:slu-?N luct™) —up ()@

n=1

N 1/2
Ey:=12(0.L[*(Q)) = (28[ [[u(e™) —Uh(f")”é(m) :

Moreover, the following two cases are considered in order to perform the convergence study:

(i) Q; finite elements with backward Euler time discretization with §; o h?
(ii) Qq finite elements with Crank-Nicolson time discretization with §; o h

The obtained numerical errors in both cases are presented in Fig. 1. Plots (a) and (b) in the first row of the Fig. 1 repre-
sent the [°°(0, I; L2(R2)) error in logarithmic scale obtained with the backward Euler (case i) and the Crank-Nicolson scheme
(case ii), respectively. Similarly, the next two plots (c) and (d) represent the 12(0, I; L2($2)) error in logarithmic scale ob-
tained with backward Euler (case i) and Crank-Nicolson scheme (case ii), respectively . These plots show the optimal order
of convergence order (two) in both time discretization cases with the trilinear hexahedral (Q;) finite element.

4.2. Grid independence test and validation

Grid independence test is one of the standard numerical study used to obtain a mesh independent solution. Further, it
evaluates the robustness and accuracy of the numerical scheme. In order to perform the grid independence study for the
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Fig. 1. Error plots for the order of convergence shows the logarithmic value of [*°(0, I; L?(£2)) and [2(0, I; L>(2)) norms of the error for backward Euler and
Crank-Nicolson scheme respectively against the increasing logarithmic value of the degrees of freedom (DOF).

proposed finite element scheme, the following dimensionless parameters of model are considered:

c=0.0001, dy =0.0005, % =075 x =0.005,
n=10, p=15 «a=025 PA=0.10

Computations are performed in the domain [0, 1]> with the initial and boundary conditions (2.6). Moreover, the initial
mesh level (LO) consists of 729 degrees of freedom (unknown solution coefficients) for each unknown variable with the
mesh size, h = 0.2165064. The successive mesh levels (L1, L2 and L3) are obtained by refining the initial mesh uniformly.
The final mesh level, L3 consists of 274,625 degrees of freedom for each unknowns, totally, 823,875 degrees of freedom with
h =0.02706325.

The numerically obtained finite element solutions are depicted in Fig. 2. To visualize the grid independence behaviour
better, the cancer cell density, ECM density and MDE concentration at t = 10 with mesh levels LO to L3 are plotted in Fig. 2.
Qualitative difference in pattern morphology of each solution can clearly be observed in Fig. 2. The first row in Fig. 2(i)
represents the cancer cell density obtained with LO, L1 and L2 meshes at time t = 10, whereas the second and third rows
of the Fig. 2((ii) and (iii)) show the ECM density and the MDE concentration, respectively. The evolution of the cancer cell
density and its interacting with ECM by producing MDE can clearly be seen in Fig. 2. Since the proliferation rate of cancer
cells is high (A = 0.75), the growth of the cancer cell is also more. In addition to the cancer growth, the haptotaxis effect
accelerates the invasion of cancer cells into the ECM. The process of invasion can also clearly be seen in Fig. 2, and it is
achieved through the production of more MDE by the cancer cells, see the third row, Fig. 2(iii).

In the coarser mesh level LO, the regular spot pattern of each solution breaks down, and it becomes stable in the finer
mesh level. The solutions obtained with L2 and L3 meshes are almost identical, and it shows that a mesh with h = 0.0541265
is sufficient for a mesh independent solution for the considered model and parameters. Therefore, the L2 mesh is used in all
our further computations where it consists of 32,768 degrees of freedom for each unknown variable, that is, 98,304 degrees
of freedom all together in the considered model.

Next, the computed three-dimensional numerical solution is compared with the numerical results published in [17], in
order to validate the proposed finite element scheme for the tumor migration model. In the validation test example, the
same dimensionless values as in [17] are used, that is,

c=0.0001, d,=0.0005, A=0.75, x =0.00005, n=10, p=00, a=01, B=0.
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Fig. 2. Evolution of the cancer cell density, ECM density and MDE concentration with the dimensionless time instance ¢t = 10 and obtained with different
mesh levels for the mess convergence study.
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Fig. 3. Comparison of the evolution of the cancer cell density, ECM density and MDE concentration at different instances ¢t = 10 and t = 20. The dashed
lines are the FEM solution and the dotted lines are the solutions represented in Enderling et al. [17].

A 3D finite element computation is performed in the unit cube domain with L2 mesh, and the cancer cell density, ECM
density and MDE concentration over the line y = 0 and z = 0 are plotted in Fig. 3. The obtained results are consistent with
results in [17]. The continuous dashed lines denote the finite element solution, whereas the dotted lines are the solutions
reported in [17]. The finite element solutions, the density of cancer cells, ECM density and concentration of MDE are in good
agreement both qualitatively and quantitatively with the solutions reported in [17].
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4.3. Effects of nonlinear diffusion functions

The cancer cells become more aggressive during the growth and migration of a solid tumour, and consecutively it initiates
the migration of cancer cells to other organs of the body. Therefore, the effects of the density-dependent nonlinear diffusion
with various diffusion rates, (DO — D4) described in the Section 2 are studied here. The numerical results are obtained using
the parameter values:

c=0.001, d, =0001, A=05 x=0005 n5=10, p=01 «a=025 pB=0.1

Further, the haptotaxis function x,(v) is assumed as a direct measurement, that is, a constant function in this study. All
numerical simulations are performed until the dimensionless end time I = 20 with the time step &; = 0.1. Further, the com-
putational mesh L2 is same as in the previous example. It should be emphasized that the number of fixed point iterations
is just one or two for the examples considered in the cube geometry.

The computationally obtained numerical results of the cancer density with different diffusion functions at various time
instances, t = 5, 10, 15, 20 are depicted in Fig. 4. Apart from the growth the diffusion rate is also inducing the migration
of cancer cells. So the results obtained with the constant diffusion model DO (first row (i) in Fig. 4) are compared with
different diffusion models. In the diffusion model D1, the random motility is directly proportional to the MDE concentration.
The obtained results at different instances t = 5, 10, 15, 20. are depicted in the second row of Fig. 4(ii). It can clearly be seen
that a part of the cancer cells break away from the main body of the tumour at t = 5. This effect resulted into two distinct
group of cancer cells and both of them migrates further into the ECM domain at ¢t = 10. A similar behaviour is resumed even
after t = 10, that is, at the dimensionless time t = 15 and 20, see Fig. 4(ii). These kind of effects result into the metastasis
behaviors of the cancer cells. Next, let us consider the diffusion models D2 and D3. In the model D2, the random motility is
high towards the large population of cancer cells and ECM, whereas the random motility rate decreases when the population
of the cancer cells and ECM increase and vice versa in the model D3. We can observe from the snapshots in Fig. 4(iii) and
(iv) that the pattern morphology obtained with D2 and D3 diffusion models are almost identical. The invasion profile of
cancer cells is very similar in the diffusion models D2 and D3, where a part of the cancer cells move into the ECM domain
from the main body of tumour and then diffuse slowly, see Fig. 4(iii) and (iv).

Finally, the random motility function D4 is considered. In this example, d3 = —0.000999, a = 106, N =2 and ¢ = 0.001
are used. As expected, the cancer cells migrate from the main body of the tumour into the ECM domain, see Fig. 4(v). Even
though the migration profile of cancer cells look similar in all diffusion models, the cancer density (u) obtained with D4
model varies from all other diffusion models. Further, we can also observe that the morphological changes of cancer cells
with constant diffusion rate, Fig. 4(i)) is highly comparable with the patten provided by the nonlinear diffusion models
such as (D2) — (D4), Fig. 4(iii — v)) except the case (D1), Fig. 4(ii). Note that the cancer cells are considered as two differing
populations in this test case. The proliferate cells are diffuse slowly but grow as fast as possible. At the same time, migrating
cells are diffuse quickly, invade the distance as far as possible, but do not resume rapid growth on the density.

4.4. Effects of various haptotactic functions

The influence of haptotactic function on the spatio-temporal dynamics of the cancer invasion is studied in this section.
To get an insight into the haptotaxis mechanism, numerical simulations are performed with a variety of nonlinear hapto-
tactic sensitivity functions. The considered haptotactic models are HO — H4 that are described in Section 3. The obtained
numerical results with different haptotactic models are compared with the results of constant haptotactic sensitivity func-
tion, Hy. In all these simulations, the haptotactic rate y is used as 0.05, whereas all other parameters are chosen as in the
previous Section 4.3. Snapshots of the cancer cell migration towards the ECM domain and the degradation of ECM by the
production of MDEs are presented in Fig. 5-7 at different time instances, t = 5, 10, 15, 20. It can clearly be observed that the
morphological changes in the cancer cells is influenced by the variation in haptotactic sensitivity function, see Figs. 6 and 7.
Further, the cancer cells migrate in the direction of increasing density gradient of the haptoattractant ECM.

In the case of H1, the haptotactic sensitivity rate of the cancer cells increases when the ECM density decreases. Thus,
the population of the cancer cells reduces from its initial level and a portion of the cancer cells starts migrating towards
the gradient direction of the ECM domain, see the snapshot at t = 5, in Fig. 6. Eventually, the cancer cells degrade the ECM
by producing more MDEs during the tumour invasion, see the first snapshot in the second row of Fig. 6. Moreover, this
invading portion of cancer cells moved towards the direction of the gradient of the haptoattractant ECM and reaches the
boundary of the domain, see the last snapshots in the first and second row of Fig. 6.

Next, consider the model H2, a receptor-kinetic law for haptotactic sensitive function y(v), which is the most commonly
used form in the chemotaxis type equations. In this type of model, the receptors may become fully occupied when the
density of the ECM is high, and hence the cancer cells will not be able to migrate into ECM further. The numerical results
for this model are depicted in the Fig. 6(iii) and (iv). The observed pattern morphology of the cancer density and ECM
density in the model H2 is indistinguishable with the results obtained with the H1 model, see Fig. 6. We can observe that
the invasion patterns of cancer cells on ECM domain with nonlinear haptotaxis models, (H1) — (H2), are similar to the
pattern produced by the constant haptotactic model HO.

We next discuss the results obtained with the realistic form of receptor-kinetic law such as cooperative binding form
(H3), and the Michaelis-Menten kinetic model (H4). In both test cases, as expected the cancer cells migrate towards the
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Fig. 4. Sequence of images in rows, (i) — (v), show the effects of various nonlinear density-dependent diffusion functions, (D0) — (D4), respectively, on
the cancer cell density at different instances t =5, 10, 15, 20 with dimensionless cancer density diffusion value ¢ = 0.001. All other parameters are of the
model (2.5) are fixed as in the Section 4.3.

gradient direction of ECM domain, and MDEs produced by the cancer cells degrade the ECM, see Fig. 7. However, the pattern
morphology of these models, (H3) — (H4), (see Fig. 7) is not identical to the pattern induced by the models (HO) — (H2)
(see Figs. 5 and 6). Further, the results in Figs. 6 and 7 confirm that the invasion is a dominant process than proliferation of
the cancer cells when there is a high haptotactic rate. These results clearly specify the importance of the haptotaxis effects
in cancer invasion and shows its role in the metastasis behaviors of the cancer cells.
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Fig. 5. Sequence of images show the effects of direct measurement form of haptotactic sensitivity function on cancer cell density and ECM density at
different dimensionless time instances t =5, 10, 15, 20 with the haptotactic constant value x = 0.05. All other parameters are of the model (2.5) fixed as
in Section 4.4.

5. Cancer invasion in the realistic-geometry

In this section, we consider a realistic spatial geometry for the cancer invasion model (2.5), that is, invasion of cancer
in a realistic breast geometry is considered. This geometry is obtained using MR-images as in [8] and triangulated using
atlas mesh generator. Since the metastasis cancer invasion model is considered in this work, the tumor is allowed to invade
the outer boundary of the domain, that is, the skin [28]. Further, the fat region of the breast tissue and the assumed initial
values of the cancer cell density, ECM density and MDE concentration on the realistic domain are shown in Fig. 8. Note that
the images of u, v and w in Fig. 8 are the iso surface view of the original three-dimensional breast geometry. Further, the
number of fixed point iteration steps is less than five in all computations performed on the realistic geometry.

5.1. Grid independence test on the realistic-geometry

We perform the grid independence study on the realistic geometry with the following parameters:
c=0.001, d,=0.005, A=025 x=0.005 n=10, p=025 o=075 pB=0.15

Computations are performed until the dimensionless end time I = 10 with the time step §; = 0.1. In the grid indepen-
dence test, the initial mesh level (B0O) consists of 31,910 vertices and 173,101 tetrahedral cells with minimum mesh size
h =1.77878 and maximum mesh size h = 6.16232. The next mesh level (B1) consists of 242,728 vertices and 1,384,808
tetrahedral cells with minimum mesh size h = 0.8893905 and maximum mesh size h = 4.223773. The final mesh level (B2)
consists of 1,893,495 vertices and 11,078,464 tetrahedral cells with minimum mesh size h = 0.4446952 and maximum mesh
size h = 2.111886. Computational results obtained with these mesh levels are depicted in the Fig. 9 at the dimensionless
time t = 10. The first row in Fig. 9 represents the cancer density, ECM density and MDE concentration, respectively, over the
line r through the centre of the tumor in the mesh levels BO, B1 and B2 at t = 10. Further, the second row of the Fig. 9 rep-
resents the closure look of the corresponding figures in the first row. Even though, the difference between the solutions
obtained by each mesh level is very small, a closure look at these plots clearly shows the mesh behavior, see, Fig. 9 (second
row). It shows that the solutions obtained with B1 and B2 meshes are almost identical and therefore, mesh level consists of
minimum of h = 0.8893905 is sufficient for mesh independent solution. Thus, the B1 mesh level is used for all simulations
in realistic geometry.

5.2. Effects of nonlinear functions on realistic geometry

The evolution of tumor proliferation and invasion on the realistic domain are investigated for different diffusion and the
hapotactic sensitive models. It is observed in the previous sections that various nonlinear diffusion and haptotactic functions
induce different morphology pattern in the cancer invasion model. Therefore, it is essential to study the effects of nonlinear
diffusion and haptotactic sensitive functions in the considered realistic geometry. In particular, the nonlinear diffusion (D1)
and the haptotactic sensitivity function (H3) provide a distinct sequence of cancer cell migration towards the ECM domain.
Therefore, we consider the cancer invasion model with combinations of above mentioned models.
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Fig. 6. Sequence of images show the effects of logarithmic (first two rows) and receptor kinetic (last two rows) forms of haptotactic sensitivity function
on cancer cell density and ECM density at different dimensionless time instances t =5, 10, 15, 20 with the haptotactic constant value x = 0.05. All other
parameters are of the model (2.5) fixed as in Section 4.4.

In this study, the following four variants are considered:

(a) diffusion model (D0O) with haptotactic sensitive model (HO)
(b) diffusion model (DO) with haptotactic sensitive model (H3)
(c) diffusion model (D1) with haptotactic sensitive model (HO)
(d) diffusion model (D1) with haptotactic sensitive model (H3)

Further, the computationally obtained numerical results of the cancer cell density (u) at different dimensionless time
instances, t = 40, 80, 120 and 200, are presented in Figs. 10-14.

In the first case (a), we initially assumed that the cancer cells proliferation rate A = 0.25 and the haptotactic rate y =
0.005 and all other parameters are fixed as in the Section 5.1. Sequence of images in Fig. 10(i) clearly show the effects of the
cancer cells proliferation and the cell migration towards ECM on the realistic geometry. Initial density of the cancer cells are
described as the spherical shape (using Gaussian distribution) and the high density of the cancer cells are pictured in the
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Fig. 7. Sequence of images show the effects of Michaelis-Menten kinetics (first two rows) and cooperative binding (last two rows) forms of haptotactic
sensitivity functions on cancer cell density and ECM density at different dimensionless time instances t =5, 10, 15, 20 with the haptotactic constant value
x = 0.05. All other parameters are of the model (2.5) fixed as in Section 4.4.
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Fig. 8. Sequence of images show the mesh, the initial values of the cancer density, ECM density and MDE concentrations in the breast geometry.
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Fig. 10. Sequence of images show the cancer density in the test case (a) at different dimensionless time instances t = 40, 80, 160, 200 for different values
of model parameters as chosen in the Section 5.1.
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Fig. 11. Sequence of images show the cancer density in the test case (a) with increased haptotaxis rate (x = 0.05) and decreased proliferation rate (

0.01) at different dimensionless time instances t = 40, 80, 160, 200 for different values of model parameters as chosen in the Section 5.1.

core of the sphere whereas the density reduces exponentially form core of the sphere. The rest of the space in the breast
domain coordinates corresponds to zero cancer density. Since v =1 —u, the density of ECM is exponentially increasing
around the sphere and the remaining portion of breast domain other than the cancer density sphere is completely covered
with matrix components, see Fig. 8.

As we can observe in Fig. 10(i), the density of cancer cells increases rapidly from the initial level due to the effect of
logistic proliferation. Further, we noticed that the cancer cells become more malignant and invaded approximately one third
of the ECM domain at end time t = 200 from the initial occurrence of cancer, see Fig. 10. This invasion is mainly occurred
due to the assumption of a moderate growth rate (A = 0.25) for the cancer cells.
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Fig. 12. Sequence of images show the cancer density obtained with the test case (b) at different dimensionless time instances t = 40, 80, 160, 200 for
different values of model parameters as chosen in the Section 5.1.
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Fig. 13. Sequence of images show the cancer density obtained with the test case (c) at different dimensionless time instances t =40, 80, 160, 200 for
different values of model parameters as chosen in the Section 5.1.
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Fig. 14. Sequence of images show the cancer density obtained with the test case (d) at different dimensionless time instances t = 40, 80, 160, 200 for
different values of model parameters as chosen in the Section 5.1.

We next replace the haptotactic parameter y as 0.05 and decreased the proliferation rate of cancer cells A to 0.01 in
the same test case (a) to understand the cancer invasion process clearly in realistic domain. Further, all other parameters
are remain unchanged. Fig. 11(i) shows the importance of the tumour-matrix components interaction and the haptotaxis
effect even with low proliferation rate of the cancer cells. We can observe that a low proliferation rate of cancer cells affects
only the speed of the invasion but not the invasion process towards the ECM domain. The simulations confirm that invasion
process of the cancer cells would be active with the strong haptotactic sensitivity towards the haptoattractant ECM domain
even with low density of cancer cells, see Fig. 11.

Next, we perform simulations with test cases (b) and (c) and the corresponding numerical results are depicted in
Figs. 12-14. We observe that the pattern morphology of the cancer density is irregular in shape from the initial spheri-
cal form in all three cases. Even though the proliferation and haptotactic rate of the cancer density are same as in the first
test case (a), cancer cell migration towards the ECM domain and the corresponding degradation of ECM by producing MDE
are not identical in all three cases (b) — (d) in comparison to the case (a) (see Figs. 10 and 12-14). Further, the snapshots of
the computations, (Fig. 12-14) assert that the invasion speed of the cancer density is not as fast as in the case of constant
diffusion and constant haptotactic function at time t = 40 to t = 200.

6. Summary
A finite element scheme for computations of three-dimensional cancer invasion mathematical model in realistic geome-

tries is presented. The interactions of cancer cell density with the ECM density and the degradation of the ECM by producing
MDE concentration are modeled. Moreover, a nonlinear density-dependent diffusion and haptotactic sensitive functions are
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incorporated into the model. In addition to the convergence study and the grid independence test, the proposed scheme is
validated using an existing numerical results presented in the literature.

A sequence of computations are performed in order to understand the spatio-temporal behaviors of the cancer invasion
process for different nonlinear density-dependent diffusion and haptotactic sensitive functions. Suppose the diffusion func-
tion is directly proportional to the MDE concentration we have observed that the migration cancer cells towards the ECM
domain is not identical with the constant diffusion rate. However, the cancer cell migration in all other nonlinear diffu-
sion cases is comparable with the constant diffusion. Similarly tumour invasion pattern morphologies formed by Michaelis-
Menten kinetics and cooperative binding haptotactic functions are highly distinguishable with other haptotaxis models.

Furthermore, an array of computations of cancer invasion in realistic breast geometry are performed. Grid independence
test for the considered realistic geometry is performed with various mesh levels using millions of tetrahedral cells. To get
an insight into the cancer invasion on realistic geometries, computational results are presented for different combinations
of density-dependent diffusion and haptotactic sensitive functions. Since the boundary effects influence the cancer invasion
significantly, it is important to consider a realistic geometry in practical applications.

Finally, the proposed computational model can be used to predict the location and the shape of the tumor in realistic
geometries at a particular instance during the cancer growth and invasion. Consequently, the computational model can be
extended for cancer treatment monitoring and surgical plannings.
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