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Abstract We give a survey on recent developments of stabilization methods based on local
projection type. The considered class of problems covers scalar convection–diffusion equations, the Stokes problem and the linearized Navier–Stokes equations. A new link of local
projection to the streamline diffusion method is shown. Numerical tests for different type of
boundary layers arising in convection–diffusion problems illustrate the stabilizing properties
of the method.
Keywords Convection–diffusion equations · Incompressible flows · Local projection
stabilization · Finite elements · Boundary layers

1 Introduction
It is well-known that standard finite element discretizations applied to convection–diffusion
or incompressible flow problems show spurious oscillations in the case of higher Reynolds
numbers due to dominating convection. A first systematic way to overcome this problem has
started 30 years ago with the fundamental work [26] by developing a special discretization of
advective terms. This idea of upwind finite elements has been developed in different ways
and led to stable (low order) discretizations for the incompressible Navier–Stokes equations [22–25, 27]. Five years later the idea of streamline upwind Petrov–Galerkin (SUPG)
stabilization has been proposed for the advective term in [8] and analyzed for a scalar
convection–diffusion equation in [21]. The method is based on adding weighted residuals to
the standard weak formulation to enhance stability without losing consistency. It turns out
that this method is also able to handle another instability phenomena arising in incompressible flow problems, the instability of equal order interpolations for velocity and pressure.
S. Ganesan () · L. Tobiska
Institute for Analysis and Computational Mathematics, Department of Mathematics, Otto von Guericke
University, PF4120, 39016 Magdeburg, Germany
e-mail: ga.sashikumaar@ovgu.de
L. Tobiska
e-mail: tobiska@ovgu.de

J Sci Comput

The SUPG stabilization was extended to the Stokes problem in [19] where a pressure stabilization Petrov–Galerkin (PSPG) method is considered accommodating low equal-order
interpolation to be stable and convergent. A detailed error analysis of these SUPG/PSPGtype stabilizations applied to the incompressible Navier–Stokes equations, including both
the case of inf-sup stable and equal-order interpolations, can be found in [29]. Despite the
progress of the SUPG/PSPG method in theory and application, an essential drawback of
this method is—in particular for higher order interpolations—that various terms need to be
added to the weak formulation to guarantee the consistency of the method in a strong way
(Galerkin orthogonality holds for smooth solutions).
Over the last years, several approaches have been developed to relax the strong coupling
of velocity and pressure in SUPG/PSPG-type stabilizations and to introduce symmetric versions of the stabilizing terms, we mention in particular the edge stabilization or continuous interior penalty (CIP) method [9–12] and the local projection stabilization (LPS) [2–4,
16, 20], for a general overview on stabilized schemes see [5].
The LPS is based on a projection πh : Yh → Dh of the finite element space Yh into a
discontinuous space Dh . Stabilization is achieved by adding terms which give a weighted
L2 -control over the fluctuations (id − πh ) of the gradients of the quantity of interest. This
method has been introduced for the Stokes problem in [2], extended to the transport equation
in [3], and analyzed for low order discretizations of the Oseen equations in [4]. As figured
out in [20], the key idea in the error analysis of the local projection scheme is the construction of an interpolant into Yh which exhibits an additional orthogonality property with
respect to the projection space Dh . The existence of such an interpolation can be proven if
the spaces Yh and Dh satisfy a local inf-sup condition [16, 20]. In [2–4], a two-level approach has been used where the projection space Dh lives on a coarser mesh compared to
the approximation space Yh . An alternative technique of enriching the approximation space
Yh has been proposed in [20] which circumvents the disadvantage of the classical two-level
form of the local projection scheme producing a stencil being less compact than for the
SUPG/PSPG-type stabilization. In the CIP method, stabilization is achieved by adding a
weighted L2 control over the jumps of the derivatives leading also to a less being compact
stencil as it has been the case for the two-level variant of the LPS. Because of this reason we
restrict ourself to the LPS with enriched ansatz spaces and discuss its application to different
problems in the following sections.
2 Local Projection Stabilization
Let Th be a shape regular decomposition of the domain  into d-dimensional simplices,
quadrilaterals or hexahedra. The diameter of a cell K will be denoted by hK and the mesh
parameter h represents the maximum diameter of the cells K ∈ Th . Let Yh ⊂ H 1 () be a
finite element space of continuous, piecewise polynomial functions defined over Th . Let Dh
denote a discontinuous finite element space defined on Th and Dh (K) := {qh |K : qh ∈ Dh }.
Further, let πK : L2 (K) → Dh (K) be a local projection which defines the global projection
πh : L2 () → Dh by (πh w)|K := πK (w|K ). Associated with the projection πh is the fluctuation operator κh : L2 () → L2 () defined by κh := id − πh , where id : L2 () → L2 () is
the identity. We will apply these operators also to vector-valued functions in a componentwise manner.
Assumption A1 There is an interpolation operator jh : H 1 () → Yh satisfying for all
qh ∈ Dh and for all w ∈ H 1 ()
(w − jh w, qh ) = 0,

(1)
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and for all w ∈ H l (ω(K)), 1 ≤ l ≤ r + 1, for all K ∈ Th
l−1/2

w − jh w0,E ≤ C hK

wl,ω(K) ,

E ⊂ ∂K,

(2)

w − jh w0,K + hK |w − jh w|1,K ≤ C hlK wl,ω(K) ,

(3)

where ω(K) denotes a certain neighbourhood of the cell K which appears in the definition
of interpolation operators for non-smooth functions.
Note that (2) and (3) describe the usual approximation properties, however, (1) is an additional orthogonality property. It has been proven in [20], that for spaces Yh , Dh , satisfying
the local inf-sup condition, i.e., there is a positive constant β1 independent of h such that
∀K ∈ Th :
inf

sup

qh ∈Dh (K) v ∈Y (K)
h h

(vh , qh )K
≥ β1 > 0,
vh 0,K qh 0,K

(4)

a given interpolation satisfying (2), (3) can be modified in such a way that (1)–(3) hold.
Here, Yh (K) := {wh |K : wh ∈ Yh , wh = 0 on \K}.
Assumption A2 Let the fluctuation operator κh satisfy the following approximation property:
κh q0,K ≤ C hlK |q|l,K

∀q ∈ H l (K), ∀K ∈ Th , 0 ≤ l ≤ r.

(5)

It is clear that Yh (K)—compared to Dh (K)—has to be rich enough for satisfying (4).
In particular, a necessary requirement is
dim Yh (K) ≥ dim Dh (K).

(6)

On the other hand Dh has to be large enough to guarantee A2. In the enriched version of
the LPS both requirements are satisfied by enriching the approximation space Yh for a given
projection space Dh .

3 Convection–Diffusion Equation
We consider the convection–diffusion-reaction type problem
−ε u + b · ∇u + cu = f

in ,

u = uD

on

D,

ε∂n u = g

on

N

(7)

where ∂ = D ∪ N , D ∩ N = ∅, n is the outer unit normal, the data b, c, f , uD , g are
sufficiently smooth, and 0 < ε 1 is a given small positive parameter. We assume that the
inflow part of the boundary − := {x ∈ ∂ : b(x) · n(x) < 0} is a subset of D and that
c−

1
div b ≥ c0 > 0.
2

Let us assume that V0 := {v ∈ H 1 () : v| D = 0} and ũD ∈ H 1 () denotes an extension of
the Dirichlet data uD ∈ H 1/2 ( D ). Then, a weak formulation of (7) reads:
Find u ∈ ũD + V0 such that for all v ∈ V0
a(u, v) := ε(∇u, ∇v) + (b · ∇u + cu, v) = (f, v) + g, v

N

.

(8)
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Integration by parts leads to
1
a(v, v) ≥ ε|v|21 + c0 v20 + |b · n|, v 2 
2

N

∀v ∈ V0 ,

and applying the Lax–Milgram lemma gives the unique solvability of the problem (8). Let
V0,h = Yh ∩ V0 . The associated stabilized discrete problem reads:
Find uh ∈ ũD,h + V0,h such that for all vh ∈ V0,h
ε(∇uh , ∇vh ) + (b · ∇uh + cuh , vh ) + Sh (uh , vh ) = (f, vh ) + g, vh 

N

(9)

where ũD,h = jh ũD is an approximation of the Dirichlet data and Sh denotes the stabilizing
term given by
 

τK κh (b · ∇)uh , κh (b · ∇)vh 0,K .
Sh (uh , vh ) :=
K∈Th

Note that there is a close relation to the stabilization by subgrid modeling [13, 18] as discussed in [20]. However, in the subgrid modeling gradients of fluctuations instead of fluctuations of gradients are used. Associated with the discrete bilinear form Ah , we introduce the
mesh-dependent norm
1/2


1
τK κh (b · ∇)v20,K
.
(10)
9v9 := ε|v|21 + c0 v20 + |b · n|, v 2  N +
2
K∈T
h

Theorem 3.1 Assume A1, A2, and τK ∼ hK . Then, there is a positive constant C independent of ε such that
9u − uh 9 ≤ C (ε 1/2 + h1/2 )hr |u|r+1 .
Sketch of proof The proof follows the general line of showing the coercivity of the underlying discrete bilinear form and estimating the consistency as well as the approximation
error. It is similar to the proof given in [3] for the hyperbolic transport problem (ε = 0,
N = ∅, D = − , two-level approach). The tricky part is the estimation of the convection
term which splits into three terms
(b · ∇(jh u − u), wh ) = −(jh u − u, b · ∇wh ) − (div b(jh u − u), wh )
+ b · n(jh u − u), wh 

N

using integration by parts. For the first term we use the orthogonality and approximation
properties of the special interpolant and τK ∼ hK to get

 

(jh u − u, b · ∇wh ) = (jh u − u, κh (b · ∇)wh )
1/2  
1/2

2r+2
τK−1 hK
|u|2r+1,K
τK κh (b · ∇)wh 20,K
,
≤C
K∈Th

≤ Ch

r+1/2

K∈Th

|u|r+1 9 wh 9 .

The estimation of the second and third term uses the approximation properties and the definition of the ‘triple’ norm


(div b(jh u − u), wh ) ≤ Chr+1 |u|r+1 wh 0 ≤ Chr+1 |u|r+1 9 wh 9,
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b · n(jh u − u), wh 

N


 ≤  |b · n|1/2 (jh u − u)0,
≤ Ch

r+1/2

N

 |b · n|1/2 wh 0,

N

|u|r+1 9 wh 9 .


Combining with standard estimates yields the stated error estimate.

We give examples of pairs of finite element spaces (Yh , Dh ) satisfying the assumptions
 → K be the mapping from the reference cell K
 onto a cell
of Theorem 3.1. Let FK : K
K ∈ Th , Ps denote the space of all polynomials of degree less than or equal to s, and Qs
denote the space of all polynomials of degree less than or equal to s in each variable. We
consider mapped finite element spaces
},
Yh := {vh ∈ H 1 () : vh |K ◦ FK ∈ Y

Dh := {qh ∈ L2 () : qh |K ◦ FK ∈ D}.
disc
On simplicial meshes we can take (Prbubble , Pr−1
), which means with barycentric coordinates λi

 := Pr +
Y

d+1

λi Pr−1 ,

 := Pr−1 .
D

i=1
disc
, Pr−1
) satisfies the requirements of TheOn quadrilateral/hexahdral meshes the pair (Qbubble
r
orem 3.1 [20], more precisely

 := Qr ⊕ span
Y

d

(1 − ξi2 ) ξir−1 ; i = 1, . . . , d, ,

 := Pr−1 .
D

i=1

4 Relationship to the SUPG Method
It is well-known that starting with the standard Galerkin piecewise linear finite element
method on simplices enriched by cubic bubbles and eliminating the bubble part yields
the SUPG method [1, 7]. Moreover, the shape of the bubble defines the SUPG-parameter
uniquely, but the symmetric version of the bubble
d+1

ϕK (x) :=

λK
i ,

λK
i —barycentric coordinates of K,

i=1

generates the SUPG-parameter for the diffusion dominated and not for the convection dominated case. Several approaches have been developed to overcome this problem, reaching
from the pseudo-residual-free [6] up to the residual free-bubble method [15] where the bubbles are local solutions of the problem under consideration. In the following, we will show
that by starting with the LPS instead of the standard Galerkin approach and eliminating the
symmetric bubble the SUPG method with the correct SUPG-parameter in both the diffusion
dominated and the convection dominated case can be recovered.
Let us consider the problem (7) with piecewise constant functions b and f, and
with c = 0, D = ∂, uD = 0. We consider the case where Vh = Yh ∩ H01 () consists
of piecewise linear functions and enrich this space by a bubble space Bh defined by
Bh := span{ϕK , ∀K ∈ Th }.

(11)
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Now we consider the local projection method on the enriched space Vh ⊕ Bh where the
projection space is the space of discontinuous, piecewise constant functions:
Find uh ∈ Vh ⊕ Bh such that for all vh ∈ Vh ⊕ Bh ,
ε(∇uh , ∇vh ) + (b · ∇uh , vh ) + Sh (uh , vh ) = (f, vh ).

(12)

The dimension of the corresponding algebraic system of equations can be reduced by static
condensation of the bubble part of the solution. To do this we write the solution uh as uh =
uL + uB , with uL ∈ Vh and uB ∈ Bh , and use the test functions vh = vL ∈ Vh and vh =
vB ∈ Bh . Taking into consideration that ∇vL is piecewise constant, we get κh (b · ∇)vL = 0
for all vL ∈ Vh . Hence (12) can be reformulated as:
Find uL ∈ Vh and uB ∈ Bh such that for all vL ∈ Vh and all vB ∈ Bh ,
ε(∇(uL + uB ), ∇vL ) + (b · ∇(uL + uB ), vL ) = (f, vL ),

(13)

ε(∇(uL + uB ), ∇vB ) + (b · ∇(uL + uB ), vB ) + Sh (uB , vB ) = (f, vB ).

(14)

Now from the representation
uB =



dK ϕ K ,

K∈Th

where the dK are unknown constants, we obtain from the second equation:
Given uL ∈ Vh , find {dK : dK ∈ R} such that for each K,
ε(∇(uL + dK ϕK ), ∇ϕK )K + (b · ∇(uL + dK ϕK ), ϕK )K + Sh (dK ϕK , ϕK ) = (f, ϕK )K . (15)
Integrating by parts gives us
(∇uL , ∇ϕK )K = −( uL , ϕK )K +

∂uL
, ϕK
∂n

= 0,
∂K


dK 
b · n, ϕK2 ∂K = 0,
2


1
1
πh (b · ∇)ϕK =
b · ∇ϕK dx =
b·
ϕK n dγ = 0
|K|
|K|
K
∂K

dK (b · ∇ϕK , ϕK )K =

and (15) reduces to:
Given uL ∈ Vh , find {dK : dK ∈ R} such that for each K,


dK ε|ϕK |21,K + τK b · ∇ϕK 20,K = (f − b · ∇uL , ϕK )K
with the solution
dK =


(1, ϕK )K
(f − b · ∇uL )K .
ε|ϕK |21,K + τK b · ∇ϕK 20,K

(16)

Observing that ε(∇uB , ∇vL ) = 0 (see above), we reduce (13) to
ε(∇uL , ∇vL ) + (b · ∇uL , vL ) +


K∈Th

dK (b · ∇ϕK , vL )K = (f, vL ).

(17)
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The term K∈Th · · · does not appear in the standard Galerkin finite element method applied
on the space Vh . It can be rewritten as


dK (b · ∇ϕK , vL )K = −

K∈Th



dK (b · ∇vL , ϕK )K

K∈Th

=



γK (b · ∇uL − f, b · ∇vL )K ,

K∈Th

where
γK =

1
|(1, ϕK )K |2
.
|K| ε|ϕK |21,K + τK b · ∇ϕK 20,K

(18)

We have now eliminated the bubble part from (12), arriving at
ε(∇uL , ∇vL ) + (b · ∇uL , vL ) +
= (f, vL ) +





γK (b · ∇uL , b · ∇vL )K

K∈Th

γK (f, b · ∇vL )K ,

(19)

K∈Th

for all vL ∈ Vh . This is the SUPG method with the SUPG-parameter γK given by
(18). A scaling argument shows (1, ϕK ) ∼ |K|, |ϕK |21,K ∼ |K|/ h2K , and b · ∇ϕK 20,K ∼
|K| b2 / h2K , which means that γK behaves like γK ∼ h2K /(ε + τK b2 ). For τK = 0, we
get γK ∼ h2K /ε which corresponds to the diffusion dominated case. Now γK is decreasing
for increasing τK . The choice γK ∼ hK /b in the convection dominated case b hK /ε  1
corresponds to τK ∼ hK /b. Increasing τK further, in particular let τK → ∞, then we end
up with the standard Galerkin approach corresponding γK = 0. This interesting effect of the
influence of stabilizing the higher modes (cubic bubbles by local projection) to the lower
modes (piecewise linear finite elements) can be detected also from our numerical tests in the
last section.

5 Stokes Problem
We will see that the general idea of local projection stabilization can be used to stabilize
equal order interpolations. Let V := (H01 ())d and Q := L20 (). A weak formulation of the
Stokes problem reads:
Find (u, p) ∈ V × Q such that
(∇u, ∇v) − (p, div v) + (q, div u) = (f, v) ∀(v, q) ∈ V × Q.

(20)

The Lax–Milgram theorem applied to the subspace of divergence-free functions and the
inf-sup condition
inf sup

q∈Q v∈V

(q, div v)
> 0,
q0 |v|1

(21)

guarantee that there is a unique solution of (20), see [17]. Equal order interpolations are
introduced, i.e. Vh := (Yh ∩ H01 ())d and Qh := Yh ∩ L20 (). Circumventing the discrete
version of (21), we consider the stabilized discrete problem:
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Find (uh , ph ) ∈ Vh × Qh such that for all (vh , qh ) ∈ Vh × Qh
(∇uh , ∇vh ) − (ph , div vh ) + (qh , div uh ) + Sh (ph , qh ) = (f, vh ),

(22)

with the stabilization term
Sh (ph , qh ) :=





αK κh ∇ph , κh ∇qh K

(23)

K∈Th

where αK are parameters to be chosen. The error will be measured in the mesh-dependent
norm

1/2

9(v, q)9ST := |v|21 + q20 +
αK κh ∇q20,K
.
(24)
K∈Th

Theorem 5.1 Assume αK ∼ h2K , A1, and A2 with r replaced by r − 1. Then, there exists a
positive constant C independent of h such that
9(u − uh , p − ph )9ST ≤ C hr (ur+1 + pr ) .
Proof For a complete proof we refer to [16]. Let us discuss the parameter choice αK ∼ h2K
in more detail. The property that the interpolation error of the velocity is orthogonal to the
projection space Dh is used to estimate the term
|(qh , div(u − jh u))| = |(∇qh , (u − jh u))| = |(κh ∇qh , (u − jh u))|

1/2
αK−1 h2(r+1)
u
9(vh , qh )9 .
≤C
r+1,K
K
K∈Th

The consistency error caused by adding the stabilization term Sh (·, ·) to the standard
Galerkin discretization becomes for p ∈ H r ()
sup

(vh ,qh )∈Vh ×Qh


1/2
|Sh (p, qh )|
2(r−1)
≤C
αK hK
|∇p|2r−1,K
.
9(vh , qh )9
K∈T
h

We see from these inequalities that αK ∼ h2K is the optimal choice.



Remark As in the previous section we could assume that the projection space has been
chosen such that A2 with r not replaced by r − 1 is satisfied. An example would be the pair
(Yh , Dh ) = (P1bubble , P0 ), satisfying A1 and A2 for r = 1. Then, for higher regularity of the
pressure, p ∈ H r+1 , the consistency error becomes
sup

(vh ,qh )∈Vh ×Qh


1/2
|Sh (p, qh )|
2
≤C
αK h2r
|∇p|
K
r,K
9(vh , qh )9
K∈T
h

and with αK ∼ hK we would expect a O(hr+1/2 ) error estimate. However, due to the
presents of the | · |1 norm in the 9 · 9 norm the convergence order is restricted to r under
Assumptions A1 and A2. Indeed, the full range c1 h2K ≤ αK ≤ 1 leads to a O(hr ) error estimate [16].
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Note that using the pair (Yh , Dh ) = (P1bubble , P0 ) and (22) means to approximate the velocity components and the pressure by functions belonging to P1bubble , i.e. Vh = (P1bubble )d
and Qh = P1bubble . This differs from the Mini element discretization where Vh = (P1bubble )d
and Qh = P1 and no stabilization term is needed. However, in both cases we can eliminate
the bubble part and end up with the stabilized method studied in [19] with and without an
grad-div stabilization also used in [14]. We refer to [16] for more details.
The relaxed assumption A2 (r replaced by r − 1) in Theorem 5.1 allows more freedom in
the choice of the approximation and projection space, respectively. For example, a possible
disc
choice on simplicial meshes is (Yh , Dh ) = (Prbubble , Pr−2
), r ≥ 2, with the modified bubble
space
 := Pr +
Y

d+1

λi Pr−2 .
i=1

On quadrilateral or hexahedral meshes the pair (Yh , Dh ) = (Qr , Qdisc
r−2 ), with r ≥ 2, of standard finite element spaces satisfies all assumptions of Theorem 5.1 Further examples and
numerical tests can be found in [16].
6 Oseen Equation
Consider the linearized Navier–Stokes equations after a semi-implicit time discretization in
a weak formulation:


Find (u, p) ∈ V × Q :
A (u, p); (v, q) = (f, v) ∀(v, q) ∈ V × Q
where V := H01 ()d , Q := L20 (), ν > 0, σ ≥ 0, b ∈ W 1,∞ (), div b = 0, and the bilinear
form A(·, ·) on the product space V × Q is given by




A (u, p); (v, q) := ν(∇u, ∇v) + (b · ∇)u, v + σ (u, v) − (p, ∇ · v) + (q, ∇ · u).
The stabilized problem is now generated by adding
 



Sh (uh , ph ); (vh , qh ) :=
τK κh ((b · ∇)uh ), κh ((b · ∇)vh ) K
K∈Th




+ μK κh (∇ · uh ), κh (∇ · vh ) K + αK (κh ∇ph , κh ∇qh )K

with user-chosen parameters τK , μK , and αK to the left hand side, thus we get:
Find (uh , ph ) ∈ Vh × Qh such that for all (vh , qh ) ∈ Vh × Qh


(A + S) (uh , ph ); (vh , qh ) = (f, vh )
where Vh := (Yh ∩ H01 ())d and Qh := Yh ∩ L20 (). Now, the mesh-dependent norm becomes


1/2
.
9(v, q)9OS := ν|v|21 + σ v20 + (ν + σ )q20 + Sh (v, q); (v, q)
Theorem 6.1 Assume A1, A2, τK ∼ hK , μK ∼ hK , and αK ∼ hK . Then, there exists a positive constant C independent of h such that


9(u − uh , p − ph )9OS ≤ C(ν 1/2 + h1/2 )hr ur+1 + pr+1 .
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Proof Note that different to Theorem 5.1, we assumed a higher regularity of the pressure to

get the O(hr+1/2 ) error estimate for ν < h. For more details see [20].

7 Numerical Tests
This section presents the numerical results for the convection diffusion equation where the
discretization is stabilized with the local projection method. In particular, the numerical
results for the first order finite element P1bubble with projection onto P0 , and the second order
finite element P2bubble with projection onto P1disc on triangles are presented. To demonstrate
the robustness of the local projection method, we considered different examples with inner
and boundary layers. Further, to show the effect of the stabilization on the lower modes, all
images in our figures are generated using only the solution of P1 (piecewise linear) part.
7.1 Example 1
Let  = (0, 1)2 ,  = 10−8 , b = (2, 3)T , c = 1 and N := ∅ be in (7). The right-hand side f
and the Dirichlet data uD are chosen in such a way that




2(x − 1)
3(y − 1)
u(x, y) = xy 2 − y 2 exp
− x exp




2(x − 1) + 3(y − 1)
+ exp

be the solution of (7). This example is having layers at the outflow boundary part.
In this example, we triangulate the square domain with 8,192 triangular cells. This results
in 12,417 and 41,217 degrees of freedom for P1bubble and P2bubble elements, respectively. The
computationally obtained results for (P1bubble , P0 ) with different values of τ0 in the stabilization parameter τK = τ0 hK are shown in Fig. 1. As mentioned earlier, see the discussion at
the end of Sect. 4, when the τ0 decreases the tendency of smearing out and when it increases
oscillations in the numerical solution are observed. For example, in the case of τ0 = 0.00045,
the solution becomes very smooth, and in the case of τ0 = 0.045, the solution starts to oscillate, see Fig. 1 top and middle, respectively. For an optimal (numerically tuned) value of
τ0 = 0.0045, the boundary layer is captured very well in the local projection method, see
Fig. 1 (bottom).
The obtained numerical results for (P2bubble , P1disc ) with different values of τ0 in τK =
τ0 hK are presented in Fig. 2. Here, the behavior of the numerical solution with respect to
the stabilization parameter τ0 is opposite to the linear element (P1bubble ) case. That is, for a
small value of τ0 = 0.003 the solution oscillates, and for a large value of τ0 = 0.012, the
tendency of smearing out is observed, see Fig. 2 top and middle, respectively. This opposite
behaviour of smearing and oscillations of the P1 part of the solution can be explained in
case of a one-dimension model problem, see [28]. For this second order element P2bubble , an
optimal value of τ0 = 0.006 (numerically tuned) captures the boundary layer very well, see
Fig. 2 (bottom).
7.2 Example 2
Let  = (0, 1)2 ,  = 10−8 , b(x, y) = (−y, x)T , c = 0, N := {0} × (0, 1) and f = 0 be
in (7). On the outflow boundary, we impose the homogeneous Neumann condition, i.e.,
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Fig. 1 Solution of Example 1 for P1bubble with projection onto P0 . The stabilization parameter values are
τ0 = 0.00045 (top), 0.045 (middle), and 0.0045 (bottom)
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Fig. 2 Solution of Example 1 for P2bubble with projection onto P1disc . The stabilization parameter values are
τ0 =0.003 (top), 0.012 (middle), and 0.006 (bottom)
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Fig. 3 Solution of Example 2 for P1bubble with projection onto P0 . The stabilization parameter values are
τ0 = 0.00045 (top), 0.045 (middle), and 0.0045 (bottom)
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Fig. 4 Solution of Example 2 at the outflow boundary part for P1bubble with projection onto P0 (left) and
P2bubble with projection onto P1disc (right). The stabilization parameter values are τ0 = 0.00045 (small), 0.045
(large), and 0.0045 (optimal)

g = 0. Further, we prescribe the discontinuous Dirichlet data

1 if (x, y) ∈ (1/3, 2/3) × {0},
uD (x, y) =
0 else
on D . This discontinuous Dirichlet data is transported counter-clockwise to the homogeneous Neumann outflow boundary.
In this example, the triangulation and the number of degrees of freedom are same as in
Example 1. The obtained numerical results for the piecewise linear element (P1bubble , P0 )
with different values of τ0 are presented in Fig. 3. Here, we take the same stabilization
parameter values used in the Example 1. In this example, the influence of the stabilization
parameter τ0 on the solution is very less. Moreover, for small and large τ0 values, there
is only a small difference in the solution, see Fig. 3. However, as in the Example 1, the
tendency of smearing out when τ0 decreases, and the solution starts to oscillate when τ0
increases is observed for (P1bubble , P0 ).
To compare the effect of the linear and higher order elements, the numerically obtained
solution at the outflow boundary for (P1bubble , P0 ) and (P2bubble , P1disc ) elements are presented
in Fig. 4.
7.3 Example 3
Let  = (−3, 9) × (−3, 3) \ {(x, y) ∈ R2 ; x 2 + y 2 ≤ 1},  = 10−8 , b(x, y) = (1, 0)T , c =
0, N := {9} × (−3, 3) and f = 0 be in (7). On the out flow boundary, we impose the
homogeneous Neumann condition, i.e., g = 0. The Dirichlet data

1 if x 2 + y 2 = 1,
uD (x, y) =
0 else
is prescribed on D . This example is having two inner layers along (0, 9) × {±1} and a
boundary layer along the curve x ≤ 1, x 2 + y 2 = 1.
To solve this example, we use two types of triangulation: (i) inner layer unresolved mesh,
(ii) inner layer resolved mesh, see Fig. 5. In both cases, (i) and (ii), we used 32,944 and
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Fig. 5 Unresolved mesh (top) and resolved mesh (bottom) in the neighbourhood of y = 1 used in Example 3

Fig. 6 Solution of Example 3 for P1bubble with projection onto P0 . Computations are performed for inner
layer unresolved mesh (top) and inner layer resolved mesh (bottom)
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31,344 triangles, respectively. For the piecewise linear elements, these result in 49,742 and
47,342 degrees of freedom, respectively. In these computations, we take τ0 = 0.0045, which
is the optimal value in Example 1. The obtained numerical results are shown in Fig. 6. The
numerical oscillations in the solutions is about 5% in these computations even for very small
 = 10−8 . Further, the influence of inner layer unresolved and resolved meshes is very small.
Acknowledgement The authors like to thank the DFG for partly supporting the research in this paper by
grant To143/9 and Andreas Hahn for performing the numerical computations.
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