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a b s t r a c t
A stabilized ﬁnite element scheme is developed for computations of buoyancy driven 3D-axisymmetric viscoelastic two-phase ﬂows with insoluble surfactants. The numerical scheme solves the Navier–Stokes equations for
the ﬂuid ﬂow, Giesekus constitutive equation for the eﬀects of viscoelasticity and simultaneously an evolution
equation for the surfactant concentration on the interface. The interface is tracked by the coupled arbitrary
Lagrangian–Eulerian (ALE) and Lagrangian approach. The interface-resolved moving meshes allow accurate incorporation of the interfacial tension force, Marangoni forces and the jumps in the material properties. Further,
the tangential gradient operator technique is used to handle the curvature approximation in a semi-implicit manner. An one-level Local Projection Stabilization (LPS), which is based on an enriched approximation space and
a discontinuous projection space, where both spaces are deﬁned on a same mesh is used to stabilize the model
equations. The stabilized numerical scheme allows us to use isoparametric second order conforming ﬁnite elements enriched with cubic bubble functions for velocity and viscoelastic stress, second order ﬁnite elements for
surfactant concentration and discontinuous ﬁrst order ﬁnite element for pressure. A number of computations are
performed for a Newtonian drop rising in a viscoelastic ﬂuid column and a viscoelastic drop rising in a Newtonian
ﬂuid column with insoluble surfactants on the interface. The inﬂuence of the Marangoni number, initial surfactant
concentration and Peclet number on the dynamics of the rising drop are analyzed. The numerical study shows
that a viscoelastic drop rising in a Newtonian ﬂuid column develops an indentation around the rear stagnation
point with a dimpled shape without insoluble surfactants. The presence of insoluble surfactants forces the drop to
rise slowly but the drop at the tail end is pulled up more. However, a Newtonian drop rising in a viscoelastic ﬂuid
column experiences an extended trailing edge with a cusp-like shape without insoluble surfactants. The presence
of surfactants pulls the tail end of the drop up slightly and makes the tail ﬂatter with/without small undulations
depending on the magnitude of the surfactant concentrations.

1. Introduction
Surfactants, also known as surface active agents are widely used in
numerous scientiﬁc, engineering and biomedical applications such as
enhanced oil recovery, drug delivery, ﬂow-focusing devices, lung mechanics, polymer blending and plastic production. Surfactants can play
an important role in several physical phenomena such as vortex pair interaction, ﬁngering, tip-streaming, drop break-up and coalescence. The
presence of insoluble surfactants on the interface between two immiscible liquids alters the ﬂow dynamics signiﬁcantly. Precisely, surfactant molecules eﬀectively act as a buﬀer zone between smaller ﬂuid
molecules on either side of the interface, altering the strength of the
intermolecular forces and thereby lowering the surface tension by an
amount that depends on the local surfactant concentration. The transport of surfactants along the interface depends on the local ﬂow behaviour and thus, it results in non-homogeneous distribution of surfactant along the interface. The non-uniform surfactant concentration
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induces gradients in interfacial tension, which again gives rise to tangential forces along the interface through the Marangoni convection. In
addition to the presence of insoluble surfactants, viscoelasticity plays
a prominent role in the aforementioned applications. The fundamental understanding of the simultaneous eﬀects of viscoelasticity and surfactants in multiphase ﬂows is crucial as these eﬀects directly impact
the design and optimization of engineering processes subjected to complex interfacial ﬂow dynamics, especially in the ﬁeld of enhanced oil
recovery [1–3]. Therefore, scientiﬁc studies on a single drop rising in
a ﬂuid column due to buoyancy with viscoelastic and surfactant eﬀects
are highly demanded.
Mathematical model describing interfacial ﬂows with viscoelastic effects consist of the Navier–Stokes equations and a viscoelastic constitutive equation. Oldroyd-B [4], Giesekus [5], ﬁnitely extensible nonlinear elastic (FENE-P [6], FENE-CR [7]), Phan-Thien-Tanner (PTT)
[8] and eXtended Pom-Pom (XPP) [9] are the commonly used constitutive models in the literature for simulating viscoelastic ﬂows. In this
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Giesekus mobility factor
Newtonian solvent ratio
Symmetry of axis
Dirichlet boundary
Interface between two liquids
Reference domain for interface
Neumann boundary
Time step length
Ratio between total viscosity of outer and inner phases
Sum of principal curvatures
Fluctuation operator
Relaxation time of polymers
Total dynamic viscosity
Newtonian solvent viscosity
Unit outward normal vector on interface
Unit outward normal vector on Neumann boundary
Global projection operator
Local projection operator
Density of ﬂuid
Interfacial tension corresponding to reference surfactant
concentration
Unit tangential vector on Neumann boundary
Viscoelastic conformation stress
Surfactant concentration space test function
Viscoelastic stress space test function
Computational domain
Initial computational domain
Inner ﬂuid computational domain
Outer ﬂuid computational domain
Reference computational domain
Computational mesh
Deformation tensor
Identity tensor
Projection operator onto the tangential plane of ΓF
Interface stress tensor
Stress tensor of ﬂuid
Interface gradient operator on ΓF
Identity mapping
Trace
Froude number
Peclet number
Reynolds number
Weber number
Weissenberg number
Gravitational constant
Height of bulk ﬂuid column
Diameter of a cell
Initial mesh size
Pressure
Pressure space test function
Time
Surfactant concentration
Initial surfactant concentration
Characteristic surfactant concentration
Reference surfactant concentration
Diameter of the drop at t = 0
Diameter of the drop at the symmetry axis
Discontinous projection space
Surfactant diﬀusivity
Marangoni number
Elastic energy in the drop

Kinetic energy in the drop
Surfactant concentration space
Cell
Reference cell
Given end time
Characteristic length
Pressure space
Gas constant
Viscoelastic stress space
Absolute temperature
Velocity along interface
Characteristic velocity
Velocity space
Approximation space
Unit vector in the direction of gravitational force
Fluid velocity
Velocity space test function
Domain velocity

study, we consider the Giesekus constitutive model as it models shearthinning and elasticity together. In addition, one needs to solve the surface convection-diﬀusion equation [10,11] for the surfactant concentration on the interface.
Simulation of viscoelastic two-phase ﬂows with insoluble surfactants
is a challenging problem in computational rheology. An accurate tracking/capturing of the moving interface is extremely important as the solution of surface convection-diﬀusion equation for the surfactant concentration depends on the precise position of the interface. Further, the
numerical scheme should be able to handle jumps in the material properties (viscosity, density, relaxation time of polymers) across the interface.
Moreover, precise inclusion of the interfacial tension force, Marangoni
eﬀects and the local curvature on the interface is challenging. In addition, the scheme should be free from spurious velocities and should
conserve both the ﬂuid and surfactant mass well. The presence of viscoelasticity in the ﬂuid increases the complexity. At high Weissenberg
numbers, the constitutive equation is highly advection dominated which
may induce both global and local oscillations in the numerical solution.
It necessitates the use of an accurate and robust stabilized numerical
scheme to avoid oscillations in the numerical solution.
A number of numerical schemes based on the popular interface
capturing/ tracking methods such as volume-of-ﬂuid [12,13], level
set [14], front-tracking [15,16], boundary integral [17–19], immersed
boundary [20–22], diﬀuse interface [23,24], arbitrary Lagrangian–
Eulerian [25], embedded boundary [26,27] and hybrid [28,29] methods have been proposed in the literature for interfacial ﬂows
with surfactants. Also, a meshfree smoothed-particle hydrodynamics
method [30] has been used for computations of interfacial ﬂows with
surfactants. In the context of interfacial ﬂows with viscoelastic effects, numerous numerical schemes based on volume-of-ﬂuid [31–33],
level set [34,35], phase-ﬁeld [36–38], front-tracking [39–44], arbitrary
Lagrangian–Eulerian [45] and boundary integral [46,47] methods have
been proposed in the literature. However, to the best of the authors’
knowledge, numerical studies on interfacial ﬂows with simultaneous effects of viscoelasticity and insoluble surfactants has never been reported
in the literature.
In this paper, we present an accurate and eﬃcient sharp interface numerical method based on the coupled arbitrary Lagrangian–
Eulerian (ALE) and Lagrangian approach for computations of a buoyancy driven 3D-axisymmetric drop rise in a ﬂuid column with simultaneous eﬀects of viscoelasticity and insoluble surfactants. The ALE approach is used for the Navier–Stokes and viscoelastic Giesekus constitutive equations, whereas for the surface convection-diﬀusion equation
we use the Lagrangian approach. Since the interface is resolved by a
moving mesh, the collection of edges and cells which approximate the
62
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interface can be used at the same time as the computational domain for
the surface convection-diﬀusion equation. Further, the interfacial force
and the diﬀerent material properties in both the phases can be included
very accurately in the ALE approach. Moreover, the spurious velocities
which might arise due to the approximation errors of the pressure and
the interfacial force, can be suppressed by using this approach [48]. Further, we replace the curvature by the tangential gradient operator and
apply integration by parts to reduce one order of diﬀerentiation associated with the curvature. This technique allows to treat the curvature
term semi-implicitly. Several stabilization schemes such as the Streamline Upwind Petrov Galerkin (SUPG) [49], Discrete Elastic Viscous Stress
Splitting (DEVSS) [50,51], Discontinuous Galerkin (DG) [52], Galerkin
Least Squares [53], Log-Conformation reformulation [54] and Variational Multiscale [55,56] methods have been proposed in the literature
for simulation of viscoelastic ﬂuid ﬂows. Recently, a three-ﬁeld Local
Projection Stabilized (LPS) ﬁnite element scheme for simulation of viscoelastic ﬂuid ﬂows in ﬁxed domains has been presented by Venkatesan
and Ganesan [57]. In this work, we extend the LPS scheme proposed
in [57] for simulation of 3D-axisymmetric viscoelastic two-phase ﬂows
with insoluble surfactants. In particular, Local Projection Stabilization
is used to handle the convective nature of the viscoelastic constitutive
equation and to use equal order interpolation spaces for the velocity and
the viscoelastic stress.
The paper is organized as follows. In Section 2, we present the nondimensional form of the governing equations for buoyancy driven viscoelastic two-phase ﬂows with insoluble surfactants. The coupled ALE–
Lagrangian approach, variational form, stabilized ﬁnite element formulation, temporal discretization and linearization strategy are described
in Section 3. Section 4 presents the numerical results. First, a grid independence test is performed. Then, the numerical scheme is validated by
comparison with the numerical results in the literature. Further, a numerical investigation on the viscoelastic drop rising in a Newtonian ﬂuid
column and then a Newtonian drop rising in a viscoelastic ﬂuid column
with insoluble surfactants on the interface is presented. We examine the
inﬂuence of the Marangoni number, initial surfactant concentration and
Peclet number on the rising drop dynamics. Finally, a brief summary of
the proposed numerical scheme and the key observations are presented
in Section 5.

Fig. 1. Computational model of buoyancy driven two-phase viscoelastic ﬂow
with insoluble surfactants on the interface.
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be the dimensionless length x, ﬂuid velocity u, domain velocity w, time
t, pressure p, given end time I, viscoelastic conformation stress 𝝉 p , surfactant concentration C and viscosity ratio 𝜀, respectively. Moreover, the
tilde over the variables indicate its dimensional form. Here, L, U∞ and
C∞ are the characteristic length, velocity and surfactant concentrations,
respectively. Further, we deﬁne the non-dimensional density 𝜌, Newtonian solvent ratio 𝛽, Giesekus mobility factor 𝛼, Weissenberg number
Wi, Reynolds number Re and Froude number Fr in diﬀerent parts of the
computational domain as
{
{
𝜌 1 ∕ 𝜌 2 ∀ 𝐱 ∈ Ω1 ( 𝑡 ) ,
𝛽1 = 𝜇𝑠,1 ∕𝜇0,1 ∀ 𝐱 ∈ Ω1 (𝑡),
𝜌=
𝛽=
1
∀ 𝐱 ∈ Ω2 ( 𝑡 ) ,
𝛽2 = 𝜇𝑠,2 ∕𝜇0,2 ∀ 𝐱 ∈ Ω2 (𝑡),
{
{
𝛼1 ∀ 𝐱 ∈ Ω1 (𝑡),
Wi1 = 𝜆1 U∞ ∕L ∀ 𝐱 ∈ Ω1 (𝑡),
𝛼=
Wi =
𝛼2 ∀ 𝐱 ∈ Ω2 (𝑡),
Wi2 = 𝜆2 U∞ ∕L ∀ 𝐱 ∈ Ω2 (𝑡),

2. Mathematical model
2.1. Model problem
A buoyancy driven two-phase viscoelastic ﬂow (either phase can be
viscoelastic) in a bounded domain Ω ⊂ ℝ3 with insoluble surfactants on
the interface between two liquids is considered. A schematic representation of the computational model is presented in Fig. 1. We assume
that a liquid droplet ﬁlling Ω1 (t) is completely surrounded by another
liquid ﬁlling the domain Ω2 (t) and the interface between the two liquids is denoted by ΓF (t). Thus, the computational domain is given by
Ω(t) ≔ Ω1 (t) ∪ ΓF (t) ∪ Ω2 (t). Here, t is the time in a given time interval
[0, I] with an end time I. Further, ΓAxial , ΓD , ΓN and hc denote the symmetry of axis, Dirichlet, Neumann boundaries and height of the bulk
ﬂuid column respectively.

Re =

{
𝜀Re2
Re2

∀ 𝐱 ∈ Ω1 ( 𝑡 ) ,
∀ 𝐱 ∈ Ω2 ( 𝑡 ) ,

Re2 =

𝜌2 U∞ L
,
𝜇0 , 2

Fr =

U2∞
L𝑔

.

Here, g is the gravitational constant, 𝜌k is the density of ﬂuid, 𝜇 s,k is the
Newtonian solvent viscosity, 𝜇 0,k is the total viscosity, 𝛼 k is the Giesekus
mobility factor and 𝜆k is the relaxation time of the polymers in Ωk (t),
𝑘 = 1, 2, respectively.
The viscoelastic ﬂuid ﬂow in the scaled domain is then described by
the dimensionless time-dependent incompressible Navier–Stokes equations
(
)
𝜌𝐞
𝜕𝐮
𝜌
+ 𝐮 ⋅ ∇𝐮 − ∇ ⋅ 𝕋 (𝐮, 𝑝, 𝝉 𝑝 ) =
in Ω(𝑡) × (0, I]
(1)
𝜕𝑡
Fr

2.2. Governing equations
We assume that the viscoelastic ﬂuid is incompressible, immiscible
and the material properties such as density, viscosity and relaxation
time of polymers are constant. The ﬂuid ﬂow in Ω(t) is described by
the time-dependent incompressible Navier–Stokes equations, whereas
the temporal evolution of viscoelastic stresses in the ﬂuid is described
by the Giesekus constitutive equation. Detailed description of the mathematical model without insoluble surfactants on the interface have been
presented in our previous study [45], whereas a brief description of the

∇⋅𝐮=0

in Ω(𝑡) × (0, I]

(2)

where (1) is the momentum balance equation and (2) is the mass
balance equation. Here, e is an unit vector in the direction of the
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gravitational force. The dimensionless stress tensor 𝕋 (𝐮, 𝑝, 𝝉 𝑝 ) for an incompressible viscoelastic ﬂuid is given by
)
2𝛽
(1 − 𝛽) (
𝝉 −𝕀 ,
𝕋 (𝐮, 𝑝, 𝝉 𝑝 ) =
𝔻(𝐮) − 𝑝𝕀 +
Re
ReWi 𝑝
whereas the velocity deformation tensor 𝔻(𝐮) is given by
)
1(
𝔻(𝐮) =
∇𝐮 + (∇𝐮)T .
2
Here 𝕀 is the identity tensor. The temporal evolution of viscoelastic
stresses in the ﬂuid is governed by the Giesekus constitutive equation [5]
[
(
)
)2 ]
∇
1 (
𝝉𝑝 +
(3)
𝝉𝑝 − 𝕀 + 𝛼 𝝉𝑝 − 𝕀
= 0 in Ω(𝑡) × (0, I],
Wi
where the upper-convected time derivative of the viscoelastic stress tensor is deﬁned as
𝜕𝝉 𝑝
∇
𝝉𝑝 =
+ (𝐮 ⋅ ∇)𝝉 𝑝 − ∇𝐮T ⋅ 𝝉 𝑝 − 𝝉 𝑝 ⋅ ∇𝐮.
(4)
𝜕𝑡
The coupled Navier–Stokes (1), (2) and Giesekus constitutive (3) equations are closed with initial and boundary conditions. At time t = 0,
we specify the conformation stress tensor 𝝉 p,0 and the divergence-free
velocity ﬁeld u0 over the entire computational domain Ω0 , i.e.,
Ω(0) = Ω0 ,

𝐮(⋅, 0) = 𝐮0 ∕U∞ in Ω0 ,

Eq. (9) is the standard form in the literature to include the Marangoni
eﬀects. However, we prefer the surface divergence form (8) due to the
handling of curvature in the variational form.
The surfactant dependent interfacial tension is given by the Henry
linear equation of state, see for example [12,59],
(
(
))
𝐶𝑟𝑒𝑓
𝜎(
̂ 𝐶) = 𝜎𝑟𝑒𝑓 1 + E
−𝐶
= 𝜎𝑟𝑒𝑓 𝜎(𝐶).
(10)
𝐶∞
Here, 𝜎 ref is the reference interfacial tension corresponding to the reference surfactant concentration Cref , E is the Marangoni number given by
E = RT𝐶∞ ∕𝜎𝑟𝑒𝑓 , R is the gas constant and T is the absolute temperature.
The surfactant concentration C along the deforming interface ΓF (t)
is described by a scalar convection-diﬀusion equation with a source like
term to account for the local changes in the interface area, see for example [10–12]. It reads :
𝜕𝐶
1
+ 𝑈 ⋅ ∇ Γ𝝂 𝐶 −
Δ 𝐶 + 𝐶 ∇ Γ𝝂 ⋅ 𝐮 = 0
𝐹
𝐹
𝜕𝑡
Pe Γ𝝂 𝐹

(11)

where
ΔΓ𝝂 𝐶 = ∇Γ𝝂 ⋅ ∇Γ𝝂 𝐶,
𝐹

𝐹

𝐹

(
(
) )
𝑈 = 𝐮 − 𝐮 ⋅ 𝝂𝐹 𝝂𝐹 ,

Pe =

U∞ L
.
𝐷𝑠

Here, U is the velocity along the interface, Ds is the interface diﬀusivity
of the surfactant and Pe is the Peclet number. Note that the surfactant
concentration C is deﬁned not only on the interface ΓF (t) but also in
a neighbourhood of ΓF (t). However, the restriction of ∇Γ𝝂 𝐶 on ΓF (t)
𝐹
depends only on values of C on ΓF (t). Surfactant concentration Eq. (11) is
closed with an initial condition

𝝉 𝑝 (⋅, 0) = 𝝉 𝑝,0 in Ω0 .

Further, we assume that the boundary 𝜕Ω := ΓD ∪ ΓN of the computational domain Ω(t) is ﬁxed in time and we impose the no-slip condition
𝐮=0

in Γ𝐹 (𝑡) × (0, I]

on Γ𝐷 × (0, I],

and the free-slip condition

𝐶(⋅, 0) = 𝐶0 ∕𝐶∞

𝝉 𝑁 ⋅ 𝕋2 (𝐮, 𝑝, 𝝉 𝑝 ) ⋅ 𝝂 𝑁 = 0,

Note that no boundary condition has to be speciﬁed due to the fact that
the interface ΓF (t) is a closed surface.

𝐮 ⋅ 𝝂𝑁 = 0

on Γ𝑁 × (0, I],

where 𝝉 N and 𝝂 N are unit tangential and normal vectors respectively on
ΓN . On the interface ΓF (t), we impose the kinematic condition
𝐮 ⋅ 𝝂𝐹 = 𝐰 ⋅ 𝝂𝐹

on Γ𝐹 (𝑡) × (0, I],

in Γ𝐹 (0).

(12)

3. Numerical scheme

(5)

3.1. Coupled ALE-Lagrangian formulation

and continuity in velocity ﬁeld
[|𝐮|] = 0

The arbitrary Lagrangian–Eulerian (ALE) approach is used to track
the interface, see for example [25,45,60,61]. Since, the interface is resolved by the computational mesh in the ALE approach, the spurious
velocities if any can be suppressed when the interfacial tension force
is incorporated into the numerical scheme accurately [48]. Further, we
assume that the topology of the computational domain does not change
during the computations. Due to the ALE approach, the time derivative
̂
has to be replaced with the time derivative on the reference frame Ω

on Γ𝐹 (𝑡) × (0, I].

Here, w is the domain velocity, 𝝂 F is an unit normal vector on ΓF (t) and
[| · |] denotes the jump of a function at the interface. Further, we impose
the force balancing condition
1
∇
⋅ 𝕊Γ𝐹 on Γ𝐹 (𝑡) × (0, I].
We Γ𝜈𝐹
Here, the Weber number is deﬁned as
[|𝕋 (𝐮, 𝑝, 𝝉 𝑝 )|] ⋅ 𝝂 𝐹 =

We =

𝜌2 U2∞ L
𝜎𝑟𝑒𝑓

(6)

and it results in an addition of convective mesh velocity term in the
equations, for more details we refer to [58,60,62]. The ALE form of the
Navier–Stokes equations (1), (2) read:
(
)
𝜌𝐞
𝜕𝐮 ||
𝜌
+
(
𝐮
−
𝐰
)
⋅
∇
𝐮
− ∇ ⋅ 𝕋 (𝐮, 𝑝, 𝝉 𝑝 ) =
in Ω(𝑡) × (0, I], (13)
(
)
𝜕𝑡 ||Ω̂
Fr

.

Further, the surface gradient of a scalar function 𝜓 and the surface divergence of a vector function v on the interface ΓF (t) are deﬁned by
(
)
∇Γ𝝂 𝜓 = ℙ𝝂 𝐹 ∇𝜓, ∇Γ𝝂 ⋅ 𝐯 = tr ℙ𝝂 𝐹 ∇𝐯 ,
𝐹

𝐹

∇⋅𝐮=0

where ℙ𝝂 𝐹 = 𝕀 − 𝝂 𝐹 ⊗ 𝝂 𝐹 is the projection onto the tangential plane of
ΓF (t). The interface stress tensor 𝕊Γ𝐹 is modeled by
𝕊Γ𝐹 = 𝜎(𝐶) ℙ𝝂 𝐹

(7)

where C denotes the surfactant concentration on the interface ΓF (t) and
𝜎(C) is the interfacial tension coeﬃcient dependent on C. Substituting
(7) in the force balancing condition (6), we get
(
)
(
(
))
∇Γ𝜈 ⋅ 𝕊Γ𝐹 = ∇Γ𝜈 ⋅ 𝜎(𝐶) ℙ𝝂 𝐹 = tr ∇Γ𝜈 𝜎(𝐶) ℙ𝝂 𝐹
(8)
𝐹
𝐹
𝐹
(
)
= ℙ𝝂 𝐹 ∇Γ𝜈 𝜎(𝐶) + 𝜎(𝐶) tr ∇Γ𝜈 ℙ𝝂 𝐹 .
𝐹

𝐹

Since the surface gradient is in the tangential
( plane, )we have
ℙ𝝂 𝐹 ∇Γ𝜈 𝜎(𝐶) = ∇Γ𝜈 𝜎(𝐶). Further, one can prove tr ∇Γ𝜈 ℙ𝝂 𝐹 = −𝜅𝜈𝐹 ,
𝐹

𝐹

𝐹

𝐹

𝐹

(14)

Note that due to the Lagrangian formulation, the surfactant Eq. (16) does
not contain any convective term and hence, we don’t need any stabilization scheme while solving it using ﬁnite element method.

where 𝜅 is the sum of principal curvatures, refer [58]. Thus, we have
∇Γ𝜈 ⋅ 𝕊Γ𝐹 = ∇Γ𝜈 𝜎(𝐶) − 𝜎(𝐶) 𝜅 𝜈𝐹 .

in Ω(𝑡) × (0, I].

Similarly, the ALE form of Giesekus Eq. (3) read:
𝜕 𝝉 𝑝 ||
| + ((𝐮 − 𝐰) ⋅ ∇)𝝉 𝑝 − ∇𝐮T ⋅ 𝝉 𝑝 − 𝝉 𝑝 ⋅ ∇𝐮
𝜕𝑡 ||Ω̂
[
)
)2 ]
(
1 (
+
(15)
𝝉𝑝 − 𝕀 + 𝛼 𝝉𝑝 − 𝕀
= 0 in Ω(𝑡) × (0, I].
Wi
In computations, we take the previous time-step domain as the reference domain. Since, we move the interface with the ﬂuid velocity in
the ALE approach, the surfactant concentration equation is treated in a
Lagrangian manner. Hence, the Lagrangian form of Eq. (11) reads:
𝜕𝐶 ||
1
−
Δ 𝐶 + 𝐶 ∇Γ𝝂 ⋅ 𝐮 = 0 in Γ𝐹 (𝑡) × (0, I].
(16)
𝐹
𝜕𝑡 ||Γ̂ 𝐹 Pe Γ𝝂 𝐹

(9)
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The interface integral in f1 (v) in the variational form can be rewritten
as follows:
(
)
1
−
ℙ𝝂 𝐹 ∶ ∇Γ𝝂 𝜎(𝐶) 𝐯 𝑑𝛾𝐹
𝐹
We ∫Γ𝐹 (𝑡)
[
(
)
(
)
]
1
=−
ℙ𝝂 𝐹 ∶ 𝜎(𝐶) ∇Γ𝝂 𝐯 − 𝐸 ∇Γ𝝂 𝜎(𝐶) ⊗ 𝐯 𝑑𝛾𝐹 .
(18)
𝐹
𝐹
We ∫Γ𝐹 (𝑡)

3.2. Weak formulation
Let L2 (Ω(t)) and H1 (Ω(t)) be the standard Sobolev spaces and ( · , · )
be the inner product in L2 (Ω(t)) and its vector/tensor-valued versions,
respectively. Further, we deﬁne the velocity, pressure, viscoelastic stress
and surfactant concentration spaces as
}
𝐯 ∈ H1 (Ω(𝑡))3 ∶ 𝐯 ⋅ 𝝂 𝑁 = 0 on Γ𝑁 , 𝐯 = 0 on Γ𝐷 ,
{
}
𝑄(Ω(𝑡)) ∶= 𝑞 ∈ L2 (Ω(𝑡)) ∶
𝑞 𝑑𝑥 = 0 ,
∫Ω
{
}
𝑆(Ω(𝑡)) ∶= 𝝍 = [𝜓𝑖𝑗 ], 1 ≤ 𝑖, 𝑗 ≤ 3 ∶ 𝜓𝑖𝑗 ∈ 𝐻 1 (Ω(𝑡)), 𝜓𝑖𝑗 = 𝜓𝑗𝑖 ,
(
)
{
(
)}
𝐺 Γ𝐹 (𝑡) ∶= 𝜙 ∈ H1 Γ𝐹 (𝑡) .
𝑉 (Ω(𝑡)) ∶=

{

The main advantages of the tangential gradient operator technique to
handle the curvature are:
- no need to calculate the curvature explicitly
- interfacial tension force can be computed for piecewise smooth surfaces
- only the ﬁrst derivatives of the basis functions are needed
- interfacial tension force can be treated semi-implicitly giving additional stability.

To derive the variational formulation of the governing equations, we
multiply the ALE form of the momentum (13), mass balance (14) and
Giesekus consititutive (15) equations by test functions v ∈ V, q ∈ Q
and 𝝍 ∈ S, respectively and integrate over the computational domain
Ω(t). After applying integration by parts to the stress tensor term over
each sub-domain Ωk (t), k = 1, 2, and further incorporating all the
boundary conditions, the variational form of the governing equations
read:
For given Ω0 , u0 /U∞ , w, 𝝉 p,0 , ﬁnd (u, p, 𝝉 p ) ∈ V × Q × S such that
(

𝜕𝐮
𝜌 ,𝐯
𝜕𝑡
(

𝜕𝝉 𝑝
𝜕𝑡

)
̂
Ω

for all 𝜙 ∈ G. Here, ( · , · ) denotes the inner product in L2 (ΓF (t)) and its
vector-valued versions, respectively.
The computational domain is time-dependent and hence, a very ﬁne
discretization (both in space and time) is needed to get an accurate solution. This requirement increases the computational cost in 3D. Since
the considered domain is rotational symmetric, a 2D geometry with 3Daxisymmetric conﬁguration is used. Thus, we transform the volume and
surface integrals in (17), (19) into area and line integrals by using cylindrical coordinates, for more details we refer to [60,62]. It allows us to
use two-dimensional ﬁnite elements for velocity, pressure and viscoelastic stress, whereas one-dimensional ﬁnite element is used for surfactant
concentration on the interface. Further, it reduces the computational
complexity in the mesh movement as well.

+ 𝑎(𝐮̂ − 𝐰; 𝐮, 𝐯) − 𝑏(𝑝, 𝐯) + 𝑐(𝝉 𝑝 , 𝐯) = 𝑓1 (𝐯)
𝑏(𝑞, 𝐮) = 0

)
,𝝍

The variational form of the surfactant concentration Eq. (16) is obtained by multiplying it with a test function 𝜙 ∈ G and further applying
integration by parts for the diﬀusive term. It reads:
For given ΓF , u, C0 /C∞ , ﬁnd C ∈ G such that
)
) ( (
(
(
) )
1
𝜕𝐶
,𝜙
+
(19)
∇Γ𝝂 𝐶, ∇Γ𝝂 𝜙 + 𝐶 ∇Γ𝝂 ⋅ 𝐮 , 𝜙 = 0,
𝐹
𝐹
𝐹
𝜕𝑡
Pe
Γ̂ 𝐹

̂
Ω

+ 𝑑(𝐮̂ − 𝐰; 𝝉 𝑝 , 𝝍 ) + 𝑒(𝝉̂ 𝑝 ; 𝝉 𝑝 , 𝝍 ) = 𝑓2 (𝝍 )

(17)

for all (v, q, 𝝍) ∈ V × Q × S, where
𝑎(𝐮̂ − 𝐰; 𝐮, 𝐯) =

∫Ω(𝑡)
+

𝑏(𝑞, 𝐯) =
𝑐(𝝉 𝑝 , 𝐯) =
𝑓1 (𝐯) =

Let {ℎ } be a partition of the domain Ω(t) into an interface resolved
triangular mesh using the mesh generator Triangle [63,64]. The diameter of a cell 𝐾 ∈ ℎ is denoted by hK . The mesh parameter h is deﬁned
by ℎ = max{ℎ𝐾 | 𝐾 ∈ ℎ }. The discrete form of the domain Ω is given
⋃
̂ ℎ denotes the reference domain of Ωh .
by Ωℎ ∶= 𝐾∈ℎ 𝐾, whereas Ω
Further, let Vh ⊂ V, Qh ⊂ Q, Sh ⊂ S and Gh ⊂ G be the conforming ﬁnite
element spaces on ℎ . The standard Galerkin approach to solve the viscoelastic constitutive equation leads to unphysical oscillations in the
numerical solution when the constitutive equation is highly advection
dominated at high Weissenberg numbers. Further, the choice of ﬁnite
element spaces for the velocity, pressure and viscoelastic stress is subject
to two discrete inf-sup conditions, refer [57]. Finite elements that satisfy
both discrete inf-sup conditions simultaneously are rare. A possible remedy to the above two shortcomings of the standard Galerkin approach
for the coupled problem (17) is to use a stabilized formulation. In this
work, we use the Local Projection Stabilization (LPS) method. LPS was
originally proposed for the Stokes problem by Becker and Braack [65],
and later it has been extended for transport [66] and Oseen [67] problems. Recently, LPS technique has been used by Venkatesan and Ganesan [45,57,62] for the simulation of viscoelastic ﬂuid ﬂows. There are
two variants of LPS implementation, namely one-level and two-level
approach. In this work, we use the one-level LPS variant [57,68–70],
which is based on enrichment of approximation spaces and it allows us
to perform the computations on a single mesh as the approximation and
the projection spaces are deﬁned on the same mesh.
Let Yh denote the approximation space and Dh be the discontinuous projection space deﬁned on ℎ . Let Dh (K) ≔ {dh |K : dh ∈ Dh } and 𝜋 K :

1
𝜌 (𝐞 ⋅ 𝐯) 𝑑𝑥
Fr ∫Ω(𝑡)
(
)
1
ℙ𝝂 𝐹 ∶ ∇Γ𝝂 𝜎(𝐶) 𝐯 𝑑𝛾𝐹
∫
𝐹
We Γ𝐹 (𝑡)

∫Ω(𝑡)

(((𝐮̂ − 𝐰) ⋅ ∇)𝝉 𝑝 ) ∶ 𝝍 𝑑𝑥

∫Ω(𝑡)

(∇𝐮̂ T ⋅ 𝝉 𝑝 + 𝝉 𝑝 ⋅ ∇𝐮̂ ) ∶ 𝝍 𝑑𝑥

)
𝛼 (
𝝉̂ ⋅ 𝝉 ∶ 𝝍 𝑑𝑥
∫Ω(𝑡) Wi 𝑝 𝑝
+

𝑓2 (𝝍 ) =

3.3. Spatial discretization

𝑞 (∇ ⋅ 𝐯) 𝑑𝑥

(1 − 𝛽)
𝝉 ∶ 𝔻(𝐯) 𝑑𝑥
∫Ω(𝑡) ReWi 𝑝

−
𝑒(𝝉̂ 𝑝 ; 𝝉 𝑝 , 𝝍 ) =

2𝛽
𝔻(𝐮) ∶ 𝔻(𝐯) 𝑑𝑥
∫Ω(𝑡) Re

∫Ω(𝑡)

−
𝑑(𝐮̂ − 𝐰; 𝝉 𝑝 , 𝝍 ) =

𝜌(((𝐮̂ − 𝐰) ⋅ ∇)𝐮) ⋅ 𝐯 𝑑𝑥

∫Ω(𝑡)

∫Ω(𝑡)

(1 − 2𝛼)
𝝉 𝑝 ∶ 𝝍 𝑑𝑥
Wi

(1 − 𝛼)
𝕀 ∶ 𝝍 𝑑𝑥.
Wi

Further, for ease of notation, we denote
𝐴(((𝐮̂ − 𝐰), 𝝉̂ 𝑝 ); (𝐮, 𝑝, 𝝉 𝑝 ), (𝐯, 𝑞, 𝝍 ))
= 𝑎(𝐮̂ − 𝐰; 𝐮, 𝐯) − 𝑏(𝑝, 𝐯) + 𝑐(𝝉 𝑝 , 𝐯) + 𝑏(𝑞, 𝐮)
+ 𝑑(𝐮̂ − 𝐰; 𝝉 𝑝 , 𝝍 ) + 𝑒(𝝉̂ 𝑝 ; 𝝉 𝑝 , 𝝍 ).
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Yh (K) → Dh (K) be the local L2 -projection into Dh (K). Further, we deﬁne
the global projection 𝜋 h : Yh → Dh by (𝜋 h y)|K ≔ 𝜋 K (y|K ). The ﬂuctuation
operator 𝜅 h : Yh → Yh is given by 𝜅ℎ ∶= 𝑖𝑑 − 𝜋ℎ , where id is the identity
mapping. The local projection stabilized ﬁnite element approximation
of the variational problem (17) reads:
For given Ω0 , u0 /U∞ , wh and 𝝉 p,0 , ﬁnd (uh , ph , 𝝉 p,h ) ∈ Vh × Qh × Sh
such that
(
)
( 𝜕𝝉
)
𝜕𝐮
+ 𝜕𝑡𝑝,ℎ , 𝝍 ℎ
+ 𝑆1 (𝐮ℎ , 𝐯ℎ ) + 𝑆2 (𝝉 𝑝,ℎ , 𝝍 ℎ )
𝜌 𝜕𝑡ℎ , 𝐯ℎ
̂
̂ℎ
Ωℎ
Ω
(20)
+𝐴(((𝐮̂ ℎ − 𝐰ℎ ), 𝝉̂ 𝑝,ℎ ); (𝐮ℎ , 𝑝ℎ , 𝝉 𝑝,ℎ ), (𝐯ℎ , 𝑞ℎ , 𝝍 ℎ )) = 𝑓1 (𝐯ℎ ) + 𝑓2 (𝝍 ℎ )

which is symmetric and positive semi-deﬁnite and thus, it improves the
stability of the discrete system compared to a fully explicit approach.
+1
Let 𝐮𝑛ℎ,+1
= 𝐮𝑛ℎ , 𝝉 𝑛𝑝,ℎ,
= 𝝉 𝑛𝑝,ℎ and 𝐰𝑛ℎ,+1
= 𝐰𝑛ℎ . We adopt the following
0
0
0
linearization strategy for the nonlinear terms in (20):
(
)
(
)
+1
+1
𝑎 𝐮𝑛ℎ+1 − 𝐰𝑛ℎ+1 ; 𝐮𝑛ℎ+1 , 𝐯ℎ ≈ 𝑎 𝐮𝑛ℎ,𝑚
− 𝐰𝑛ℎ,𝑚
; 𝐮𝑛+1 , 𝐯
−1
−1 ℎ,𝑚 ℎ
(
)
(
)
+1
+1
+1
𝑑 𝐮𝑛ℎ+1 − 𝐰𝑛ℎ+1 ; 𝝉 𝑛𝑝,ℎ
, 𝝍 ℎ ≈ 𝑑 𝐮𝑛ℎ,𝑚
− 𝐰𝑛ℎ,𝑚
; 𝝉 𝑛+1 , 𝝍 ℎ
−1
−1 𝑝,ℎ,𝑚
(
)
+1 𝑛+1
+ 𝑑 𝐮𝑛ℎ,𝑚
; 𝝉 𝑝,ℎ,𝑚−1 , 𝝍 ℎ
(
)
+1
− 𝑑 𝐮𝑛ℎ,𝑚
; 𝝉 𝑛+1 , 𝝍 ℎ
−1 𝑝,ℎ,𝑚−1
(
)
(
)
+1 𝑛+1
+1
𝑒 𝝉 𝑛𝑝,ℎ
; 𝝉 𝑝,ℎ , 𝝍 ℎ ≈ 𝑒 𝝉 𝑛𝑝,ℎ,𝑚
; 𝝉 𝑛+1 , 𝝍 ℎ ,
−1 𝑝,ℎ,𝑚

for all (vh , qh , 𝝍 h ) ∈ Vh × Qh × Sh , where
∑
𝑆1 (𝐮ℎ , 𝐯ℎ ) =
𝜍1 ⟨𝜅ℎ 𝔻(𝐮ℎ ), 𝜅ℎ 𝔻(𝐯ℎ )⟩𝐾
𝐾∈ℎ

𝑆2 (𝝉 𝑝,ℎ , 𝝍 ℎ ) =

∑

𝐾∈ℎ

+

(
) (
)
𝜍2 ⟨𝜅ℎ ∇ ⋅ 𝝉 𝑝,ℎ , 𝜅ℎ ∇ ⋅ 𝝍 ℎ ⟩𝐾

∑

𝐾∈ℎ

where, 𝑚 = 1, 2, ..., M, with M being the maximum allowed number of
nonlinear iterations. In each ﬁxed point iteration, we solve the linear
elasticity problem (refer [45]) to calculate the unknown mesh veloc+1
ity 𝐰𝑛ℎ,𝑚
‘virtually’ without moving the mesh. In all computations, the
−1
iterations are continued until the residual of the monolithic system becomes less than the threshold value of 10−7 . In general this condition is
fulﬁlled within 2 to 3 iteration steps. After stopping the ﬁxed point iteration, we solve the surfactant concentration equation before moving the
mesh to a new position. The linearized system of algebraic equations are
solved using the Multifrontal Massively Parallel Sparse (MUMPS) direct
solver [73,74]. The proposed numerical scheme for the simulation of
viscoelastic two-phase ﬂows with insoluble surfactants is implemented
in our in-house ﬁnite element code ParMooN [75].
The limits of the proposed numerical scheme are as follows: the developed scheme is for axisymmetric ﬂows. The scheme shall not be applicable for asymmetric ﬂows since full 3D simulations need to be performed. Further, we have assumed that the ﬂow is isothermal and the
material properties like density, viscosity and relaxation time of polymers remain constant throughout the computations. However, in most
practical applications it may not be the case. Further, we assumed that
there is no topological change during the computations, that is, computations cannot be continued with the proposed scheme when a single
drop splits into two or more droplets.

𝜍3 ⟨𝜅ℎ ∇𝝉 𝑝,ℎ , 𝜅ℎ ∇𝝍 ℎ ⟩𝐾 .

Here, 𝜍1 = (1 − 𝛽)𝑐1 ℎ𝐾 , 𝜍2 = 𝑐2 ℎ𝐾 , 𝜍3 = 𝑐3 ℎ𝐾 , with c1 , c2 and c3 being
user-chosen constants. The numerical scheme allows us to use inf-sup
stable ﬁnite elements for the velocity and pressure spaces, and equal order interpolation spaces for the velocity and viscoelastic stress. In partic(
) (
)
ular, we use the following triplet 𝑉ℎ , 𝑄ℎ , 𝑆ℎ = 𝑃2𝑏𝑢𝑏𝑏𝑙𝑒 , 𝑃1𝑑𝑖𝑠𝑐 , 𝑃2𝑏𝑢𝑏𝑏𝑙𝑒 .
By approximating the pressure with discontinuous elements, we shall
suppress the spurious velocities [48] during computations. Moreover,
we achieve better mass conservation, since the ﬁrst integral moments of
the divergence of velocity ﬁeld vanishes element-wise with discontinuous pressure approximation. For more details on LPS for viscoelastic
ﬂuid ﬂows we refer to [45,57,62].
The standard Galerkin ﬁnite element approximation of the variational form of surfactant concentration Eq. (19) reads:
For given ΓF , uh , C0 /C∞ , ﬁnd Ch ∈ Gh such that
(

𝜕𝐶ℎ
, 𝜙ℎ
𝜕𝑡

)
Γ̂ 𝐹

+

(
) ( (
)
)
1
∇ 𝐶 , ∇ 𝜙 + 𝐶ℎ ∇Γ𝝂 ⋅ 𝐮ℎ , 𝜙ℎ = 0, (21)
𝐹
Pe Γ𝝂 𝐹 ℎ Γ𝝂 𝐹 ℎ

for all 𝜙h ∈ Gh . We use quadratic ﬁnite elements for the surfactant concentration.

4. Numerical results
In this section, we present a detailed numerical investigation of 3Daxisymmetric buoyancy driven viscoelastic two-phase ﬂows with insoluble surfactants on the interface. We ﬁrst perform a grid independence
test for a 3D-axisymmetric viscoelastic drop rising in a Newtonian ﬂuid
column. Further, to validate the numerical scheme, computations are
performed with 2D planar conﬁguration for a buoyancy driven Newtonian bubble rising in a Newtonian ﬂuid column and compared with
the benchmark results [61]. In addition, we compare the computational
results of 2D planar Newtonian drop rising in an Giesekus ﬂuid column with the results of Vahabi and Kamkari [76]. Next, we present the
computational results for a buoyancy driven viscoelastic drop rising in
a Newtonian ﬂuid column with insoluble surfactants on the interface.
Moreover, the eﬀects of Marangoni number (E), initial surfactant concentration (C0 ) and Peclet number (Pe) on the rising drop dynamics are
examined. In addition, we investigate the ﬂow dynamics of a Newtonian
drop rising in a viscoelastic ﬂuid column with insoluble surfactants on
the interface.
The computational domain is triangulated into an interface resolved
mesh using the mesh generator Triangle [63,64] based on constrained
Delaunay triangulation. The constraints are the number of vertices on
each boundary and the maximum area of each cell. We limit the maximum area of each cell in the domain to 0.001 during the triangulation (initially and as well as during the remeshing). In computations, the number of cells and the number of degrees of freedom might
change during the remeshing. The ﬁnite element spaces used in computations for the velocity, pressure, viscoelastic stress and surfactant

3.4. Time discretization and linearization
Let 0 = 𝑡0 < 𝑡1 < … < 𝑡𝑁 = I be a decomposition of the time interval
[0, I], and 𝛿𝑡 = 𝑡𝑛+1 − 𝑡𝑛 , 𝑛 = 0, … , 𝑁 − 1, be a uniform time step. We use
the ﬁrst-order implicit Euler method for the time discretization of the
(
)
coupled system (20), (21) in the time interval 𝑡𝑛 , 𝑡𝑛+1 . Investigations
in [71] show that an implicit handling of the curvature term is needed
for unconditional stability. However, its too complicated because we
need in advance the interface Γ𝑛𝐹+1 , which in unknown. Thus, as in [72],
we use a semi-implicit approximation of the curvature term (ﬁrst term
in (18))
−

(
)
1
𝜎(𝐶) ℙ𝝂 𝑛+1 ∶ ∇Γ𝝂 𝐯ℎ 𝑑𝛾𝐹
∫
𝑛
+1
𝐹
We Γ
𝐹
𝐹
[
] (
)
1
= −
𝜎(𝐶) ℙ𝝂 𝑛 + 𝛿𝑡∇Γ𝝂 𝐮𝑛ℎ+1 ∶ ∇Γ𝝂 𝐯ℎ 𝑑𝛾𝐹 .
𝐹
𝐹
𝐹
We ∫Γ𝑛
𝐹

Consequently, the curvature term is splitted into an explicit term on the
right hand side of the weak formulation
(
)
1
−
𝜎(𝐶) ℙ𝝂 𝑛 ∶ ∇Γ𝝂 𝐯ℎ 𝑑𝛾𝐹
𝐹
𝐹
We ∫Γ𝑛
𝐹

and an implicit term on the left hand side
(
) (
)
𝛿𝑡
𝜎(𝐶) ∇Γ𝝂 𝐮𝑛ℎ+1 ∶ ∇Γ𝝂 𝐯ℎ 𝑑𝛾𝐹 ,
𝐹
𝐹
We ∫Γ𝑛
𝐹
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concentration on the interface are 𝑃2𝑏𝑢𝑏𝑏𝑙𝑒 , 𝑃1𝑑𝑖𝑠𝑐 , 𝑃2𝑏𝑢𝑏𝑏𝑙𝑒 and P2 respectively. Further, the stabilization constants used in computations are
c1 = 0.005, c2 = 0.005 and c3 = 0.005.
The ﬂow dynamics of the rising drop is analyzed using the following parameters: drop shape, diameter of the drop at the axis of symmetry (𝐷|𝑟=0 ), sphericity, kinetic energy, elastic energy, center of mass (z
coordinate), rise velocity and surfactant concentration on the interface.
Let |Ω1 (𝑡)| ∶= 2𝜋 ∫Ω (𝑡) 𝑟 𝑑 𝑟 𝑑 𝑧 be the volume of the drop. The kinetic and
1
elastic energies of the drop are calculated as follows:
𝐸𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =

2𝜋
(𝐮 ⋅ 𝐮) 𝑟 𝑑𝑟 𝑑𝑧,
|Ω1 (𝑡)| ∫Ω1 (𝑡)

𝐸𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =

2𝜋
𝑡𝑟(𝝉 𝑝 ) 𝑟 𝑑𝑟 𝑑𝑧,
|Ω1 (𝑡)| ∫Ω1 (𝑡)

Table 1
Grid independence test: characteristics of triangular meshes.

∫𝜕Ω1 (𝑡)

50
100
200
400
500

0.03139526
0.01570538
0.007853659
0.003926950
0.003141572

2,000
2,267
2,912
4,152
4,641

56,776
64,337
82,522
117,493
131,259

|Ω1 (𝑡)| − |Ω1 (0)|
× 100,
|Ω1 (0)|
∫Γ

𝐹 (𝑡)

𝐶𝑟 𝑑𝑟 𝑑𝑧 − ∫Γ
∫Γ

𝐹 (0)

𝐹 (0)

𝐶𝑟 𝑑𝑟 𝑑𝑧

𝐶𝑟 𝑑𝑟 𝑑𝑧

× 100.

In this section, we perform a grid independence test for the proposed
local projection stabilized numerical scheme for computations of 3Daxisymmetric viscoelastic two-phase ﬂows with insoluble surfactants.
We consider a viscoelastic drop rising in a Newtonian ﬂuid column
with the following dimensionless ﬂow parameters: Re2 = 10, Fr = 1,
We = 400, Wi1 = 5, 𝜀 = 2, 𝜌1 /𝜌2 = 0.1, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1,
Pe = 50, C0 = 0.5, C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5.
To perform a grid independence test, we vary the number of degrees of
freedom (DOFs) on the interface. Five diﬀerent meshes are used in this
study and the characteristics of these meshes at time t = 0 are tabulated
in Table 1. Further, the time step length is set as 𝛿t = 0.001 and the
computations are performed till I = 20.
Fig. 2 depicts the convergence behaviour of the drop shape at t = 20,
elastic energy in the drop and center of mass of the rising drop for all

𝐴
surface area of the volume-equivalent sphere
= 𝑒.
𝐴
surface area of the drop

𝐴 = 2𝜋

L0
L1
L2
L3
L4

4.1. Grid independence test

2𝜋
𝑧 𝑟 𝑑𝑟 𝑑𝑧.
|Ω1 (𝑡)| ∫Ω1 (𝑡)

)2∕3
3
,
|Ω1 (𝑡)|
4𝜋

Total DOFs

In all our computations, we found that the relative volume loss is always
less than 0.075% and the surfactant mass loss is less than 0.05%.

The surface area of volume-equivalent sphere and surface area of the
drop are calculated as follows:
(

Cells

surfactant mass loss(%) =

The sphericity of the drop is given by

𝐴𝑒 = 4𝜋

h0

volume loss(%) =

2𝜋
Rise velocity =
𝑢 𝑟 𝑑𝑟 𝑑𝑧,
|Ω1 (𝑡)| ∫Ω1 (𝑡) 𝑧

Sphericity =

DOFs on ΓF

surfactant mass loss as follows:

where tr denotes the trace of the tensor. Further, the rise velocity and
center of mass (z coordinate) of the drop are computed as:

Center of mass =

Mesh

𝑟 𝑑𝑙.

For a perfectly spherical drop, the sphericity will be one and for any
other deformed drop it will be less than one. It is a good quantitative measure of the drop deformation. Further, to measure the accuracy of the numerical scheme, we compute the relative volume loss and

Fig. 2. Grid independence test: (a) drop shape at t = 20, (b) elastic energy in the drop, (c) center of mass of the drop, (d), (e) and (f) are the magniﬁed view of the
plots (a), (b) and (c) respectively using ﬁve diﬀerent meshes.
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Fig. 3. Validation of numerical scheme: (a) bubble shape at t = 3 s, (b) circularity and (c) rise velocity of a Newtonian bubble rising in a Newtonian ﬂuid column
compared with the numerical results from the three participating groups in the benchmark paper [61], namely TP2D, FreeLIFE and MooNMD.

the ﬁve mesh levels. The drop shape at t = 20 obtained using all the ﬁve
mesh levels are almost similar. However, a close-up look near the tail
end of the drop at the axis of symmetry, see Fig. 2(d), clearly shows that
the results obtained with L3 and L4 meshes are almost identical. Similar
convergence behaviour is observed in the elastic energy in the drop and
the center of mass of the drop, see Fig. 2(e) and (f) respectively. In order
to have a ﬁne balance between the computational cost and the accuracy,
all numerical results in the following section is obtained with the mesh
L3.

can observe that our results are quite similar to the results of TP2D
except for minimum circularity and its corresponding time, in addition to an excellent agreement with MooNMD results in the benchmark
paper [61].
The next test case is a 2D planar Newtonian drop rising in a Giesekus
ﬂuid column as described by Vahabi and Kamkari [76]. The ﬂow parameters are deﬁned as: 𝜌1 = 100, 𝜌2 = 1000, 𝜇 0,1 = 0.1025, 𝜇 0,2 = 1.025,
g = 9.8, 𝜎 = 0.01, 𝜆2 = 0.2 and 𝛼 2 = 0.5. Using
√ the characteristic length
L = 0.01 and characteristic velocity U∞ = L𝑔 , we get the following
dimensionless quantities Re2 = 3.054, Fr = 1, We = 98, Wi2 = 6.26,
𝜌1 /𝜌2 = 0.1, 𝜀 = 10, 𝛼 2 = 0.5, 𝛽 1 = 1 and 𝛽 2 = 0.286. Fig. 4 depicts
the drop shape at 0.16 seconds and compared with the results of Vahabi
and Kamkari [76]. As it is observed, the results are almost the same revealing that the developed code is well capable to predict the behavior
of a rising drop in a ﬂuid column with viscoelastic eﬀects modeled by
the Giesekus constitutive equation.

4.2. Validation
In order to validate the numerical scheme, we ﬁrst consider a 2D
planar Newtonian bubble rising in a Newtonian ﬂuid column as described in the benchmark paper of Hysing et al. [61]. The benchmark
parameters are as follows: 𝜌1 = 1, 𝜌2 = 1000, 𝜇 0,1 = 0.1, 𝜇 0,2 = 10,
g = 0.98, 𝜎 = 1.96, D = 0.5 and hc = 2.0 (refer test case-2 in Table 1
of [61]). Using
the characteristic length L = 1 and characteristic veloc√
ity U∞ = L𝑔 , we get the following dimensionless quantities Re2 = 99,
Fr = 1, We = 500, 𝜌1 /𝜌2 = 0.001, 𝜀 = 100, 𝛽 1 = 1 and 𝛽 2 = 1. We use
800 degrees of freedom on the interface and the time step length is set
as 𝛿t = 0.0005. Fig. 3 depicts the bubble shape at t = 3 s, circularity
and rise velocity and compared with the results of the three participating groups in the benchmark paper [61], namely TP2D, FreeLIFE
and MooNMD. TP2D and FreeLIFE are ﬁnite element based codes and
level set method is used to capture the interface. Further, in MooNMD
iso-parametric ﬁnite elements have been used along with the arbitrary
Lagrangian-Eulerian technique to capture the interface. Moreover, TP2D
and FreeLIFE can handle break-up of the bubble, while no criteria for
the break up of the bubble has been implemented in MooNMD. For
more details about the three benchmark codes, we refer to [61]. Since,
our work is based on the coupled ALE-Lagrangian approach, we expect
our results to be close to the results of MooNMD which also uses ALE
approach.
In Fig. 3(a), we can observe that all codes predict a similar shape
for the main bulk of the bubble, whereas there is no agreement in our
bubble shape to those of TP2D and FreeLIFE with respect to the thin
ﬁlamentary regions. However, our bubble shape coincides with the earlier results in MooNMD even in the thin ﬁlamentary regions despite
a diﬀerent mesh used in this present study. From Fig. 3(b) and (c),
we observe excellent agreement in circularity of the bubble and rise
velocity curves with all the benchmark results till t = 1.75–2.0, after which there are signiﬁcant diﬀerences and this is due to the thin
ﬁlamentary regions. Beyond t = 2.0, there is no real agreement between the three groups in the benchmark paper [61]. Further, in order to qualitatively compare our numerical solutions with the results
of the three groups in the benchmark paper [61], the minimum circularity, maximum rise velocity with corresponding incidence times and
the ﬁnal position of the center of mass are tabulated in Table 2. We

Table 2
Newtonian bubble rising in a Newtonian ﬂuid column: comparison of our results with the numerical solutions from the three participating groups in the
benchmark paper [61], namely TP2D, FreeLIFE and MooNMD.
Reference

Current work

TP2D

FreeLIFE

MooNMD

min (Circularity)
t|min (Circularity)
max 1 (Rise velocity)
t|max 1(Rise velocity)
max 2 (Rise velocity)
t|max 2(Rise velocity)
Center of mass at 𝑡 = 3.0

0.5195
3.0000
0.2503
0.7328
0.2390
2.0685
1.1373

0.5869
2.4004
0.2524
0.7332
0.2434
2.0705
1.1380

0.4647
3.0000
0.2514
0.7281
0.2440
1.9844
1.1249

0.5144
3.0000
0.2502
0.7317
0.2393
2.0600
1.1376

Fig. 4. Validation of numerical scheme: drop shape at t = 0.16 s of a Newtonian
drop rising in a Giesekus ﬂuid column compared with the results of Vahabi and
Kamkari [76].
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Fig. 5. Viscoelastic conformation stress proﬁles for a viscoelastic drop rising in a Newtonian ﬂuid column with insoluble surfactants on the interface with ﬂow
parameters Re2 = 10, Fr = 1, We = 400, Wi1 = 5, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1, Pe = 50, C0 = 0.5, C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5
at dimensionless times t = 2, 6 and 20.

increases and vice-verse. The presence of the interfacial tension gradient along the interface causes the liquid to move away from the low
interfacial tension regime.
The initial motion of the drop is dominated by viscous stresses as the
viscoelastic stresses take some time to build up. Further, along the interface, the interfacial tension force dominates compared to the viscous and
viscoelastic stresses. Hence, the shape of the drop is more spherical at
t = 2. In Fig. 6, we can observe that initially the surfactant concentration
is uniform along the interface with a value C0 = 0.5. As the drop rises
due to buoyancy, the concentration of the surfactant increases near the

4.3. Viscoelastic drop rise in a Newtonian ﬂuid column with insoluble
surfactants
In this section, we consider a buoyancy driven 3D-axisymmetric viscoelastic drop rising in a Newtonian ﬂuid column with insoluble surfactants on the interface. To systematically examine the eﬀects of various
ﬂow parameters, we designate a base case which is deﬁned as: Re2 = 10,
Fr = 1, We = 400, Wi1 = 5, 𝜀 = 2, 𝜌1 /𝜌2 = 0.1, 𝛽 1 = 0.75, 𝛽 2 = 1.0,
𝛼 1 = 0.1, Pe = 50, C0 = 0.5, C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and
hc = 2.5. Fig. 5 presents the viscoelastic stress proﬁles for the base case
ﬂow parameters at dimensionless time instances t = 2, 6 and 20. Further, the surfactant concentration proﬁle along the interface at diﬀerent
time instances has been presented in Fig. 6.
At time t = 0, the drop is of a spherical shape with initial velocities
of the drop and the bulk ﬂuid column assumed to be zero and the viscoelastic conformation stress tensor is set as 𝝉 p,0 = 𝕀. The diﬀerence in
densities of the drop and the bulk ﬂuid column generates a buoyancy
force that accelerates the drop in the vertical upward direction. The
motion of the rising drop depends on the magnitude of viscous stress,
viscoelastic stress and the Marangoni eﬀects due to the presence of insoluble surfactants on the interface. The shape of the drop depends on
the deforming stresses and the interfacial tension force. If the deforming
stresses at the interface are suﬃciently smaller than the interfacial tension force, the drop shape remains approximately spherical. However,
when these deforming stresses are signiﬁcant the interface deforms and
the drop shape changes depending on the properties of the bulk ﬂuid:
it deforms to an oblate shape in inertia-dominated ﬂows and to a prolate shape with or without an indentation at the trailing end in ﬂows
in which viscoelasticity is important. Further, in ﬂows with surfactants
the interfacial tension becomes low when the surfactant concentration

Fig. 6. Surfactant concentration proﬁle along the interface for a viscoelastic
drop rising in a Newtonian ﬂuid column at time instances t = 0, 2, 6, 10, 14,
18 and 20 for the base case with ﬂow parameters Re2 = 10, Fr = 1, We = 400,
Wi1 = 5, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1, Pe = 50, C0 = 0.5,
C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5.
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rear end of the drop while it decreases at the top end of the drop compared to the initial concentration. Hence, at the rear end the drop becomes more easily deformable due to lower interfacial tension, whereas
at the top end it becomes diﬃcult to deform due to higher interfacial
tension.
At t = 6, we can observe that the drop at the rear end starts to deform
and it attains a cylindrical shape with a dimpled trailing end. By this
time, the viscous and viscoelastic stresses start to overcome the interfacial tension at the rear end of the drop. This is aided by the reduction
in the interfacial tension at the trailing end due to surfactant migration.
In Fig. 5, we can observe that the maximum values of viscoelastic stress
component 𝜏 rr are concentrated in the top end of the drop, while 𝜏 zz
is built up more near the tail end of the drop. The polymers inside the
drop is stretched along the ﬂow direction. Since the local ﬂow direction
is normal to the interface at the rear stagnation point, the viscoelastic
stress component 𝜏 zz reaches its maximum value at the tail end of the
drop and pulls the interface inward. Since, the maximum values of 𝜏 rr
and minimum values of 𝜏 zz occur at the top end of the drop, the upstream axial ﬂow experiences a strong turn tangential to the drop surface so that the polymers are greatly extended in the radial directions.
Thus, the drop doesn’t experience noticeable deformation at its front
end.
With progress in time, the magnitude of viscoelastic stresses increase,
and the drop continues to deform at the trailing end. In particular, the
drop at the tail end gets pulled up even more. The surfactant concentration increases at the tail end till t = 6, after which it decreases. This
is due to the fact near the tail end of the drop, the interfacial area increases with time due to large deformation at the tail end and hence, the
surfactant is spread over more interfacial area and thus, it gets spread
over area rather than just at the tip. The simulations were stopped at
t = 20, as beyond that the drop shall start to split and the assumption of

no topological change in the computational domain shall fail when the
drop splits.
In all two-phase ﬂow computations involving viscoelasticity, low
density and viscosity ratios have been used due to the challenge in
convergence. At high density and viscosity ratios, there would be very
high gradients in the viscoelastic stress which could be handled by
choosing the stabilization parameter adaptively and it needs further
investigation.
Next, we perform a parametric study to examine the eﬀects of
Marangoni number, initial surfactant concentration and Peclet number
on the rising viscoelastic drop dynamics in a Newtonian ﬂuid column.
For the eﬀects of other parameters like the viscosity ratio, Newtonian
solvent ratio, Giesekus mobility factor and Weber number in the absence
of insoluble surfactants, we refer to [45].

4.3.1. Inﬂuence of Marangoni number
In this section, we study the inﬂuence of Marangoni number on the
rising viscoelastic drop dynamics in a Newtonian ﬂuid column with insoluble surfactants on the interface. We consider the base case ﬂow parameters and vary only the Marangoni number. The following ﬁve different Marangoni numbers are used in this study: (i) E = 0, (ii) E = 0.5,
(iii) E = 1.0, (iv) E = 1.5 and (v) E = 2.0. The case E = 0 represents the
clean case, i.e. no surfactants on the interface. Fig. 7 presents the drop
shape at t = 20, diameter of the drop at r = 0, sphericity, elastic energy,
rise velocity and kinetic energy in the drop for diﬀerent Marangoni numbers.
In the presence of surfactants on the interface, the interfacial tension becomes low when the surfactant concentration increases and viceverse. Fig. 8 presents the surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases E = 0.5 and E = 2.0.

Fig. 7. Inﬂuence of Marangoni number for a viscoelastic drop rising in a Newtonian ﬂuid column: (a) drop shape at t = 20, (b) diameter of the drop at r = 0,
(c) sphericity, (d) elastic energy, (e) rise velocity and (f) kinetic energy for diﬀerent Marangoni numbers (i) E = 0, (ii) E = 0.5, (iii) E = 1.0, (iv) E = 1.5 and
(v) E = 2.0 with Re2 = 10, Fr = 1, We = 400, Wi1 = 5, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1, C0 = 0.5, C∞ = 1, Cref = 0.5, Pe = 50, D = 0.5 and hc = 2.5.
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tration. Till t = 5, the surfactant concentration increases at the tail end
of the drop and decreases at the top end compared to the initial concentration. Due to the non-uniform distribution of surfactant concentration on the interface, there will be an interfacial tension gradient. The
presence of the interfacial tension gradient causes the liquid to move
away from the low interfacial tension regime. Hence, near the tail end
of the drop, it will be pulled up more compared to the clean case and the
same is observed in the drop shape at t = 20, refer Fig. 7(a). Marangoni
number is nothing but the rate of increase/decrease of the interfacial
tension coeﬃcient. Hence, with increase in the Marangoni number, the
interfacial tension coeﬃcient either increases more rapidly or decreases
more rapidly depending on the surfactant concentration at a particular point on the interface. Thus, the drop shape at t = 20 is pulled up
more as the Marangoni number is increased. Due to this phenomenon,
the temporal evolution of the diameter of the drop at r = 0 decreases
more with increase in the Marangoni number, see Fig. 7(b). Similar
behaviour is observed in the sphericity curve as well, see Fig. 7(c),
as sphericity is a measure of the deformation of the drop relative to
the initial spherical shape. Further, the elastic energy in the drop increases with time as the viscoelastic stresses are developed based on
the gradient of the ﬂuid velocity. However, the rise is lower as the
Marangoni number increases. From Fig. 7(e) and (f), we can observe
that the rise velocity and kinetic energy in the drop increases rapidly
initially due to the force of buoyancy. Once, the viscous and viscoelastic stresses start to dominate ﬂow dynamics, the rise velocity and kinetic
energy no longer increases. Further, with increase in the Marangoni
number the rise velocity and kinetic energy decreases as the drop
rises.
4.3.2. Inﬂuence of initial surfactant concentration
To study the inﬂuence of initial surfactant concentration on the rising
drop dynamics, we consider the base case ﬂow parameters and vary only
the initial surfactant concentration C0 . We consider the following ﬁve
diﬀerent cases in this study: (i) clean drop, (ii) C0 = 0.1, (iii) C0 = 0.5,
(iv) C0 = 1.0 and (v) C0 = 1.5. Here, the clean drop refers to the case
where no insoluble surfactants were used on the interface. Fig. 9(a)
presents the drop shape at t = 20, while Fig. 9(b) and (c) presents the
surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases C0 = 0.1 and C0 = 1.5. We can observe that the
magnitude of increase in the surfactant concentration at the tail end is
higher for larger initial surfactant concentrations. Hence, with an increase in the initial surfactant concentration, the drop at the tail end
would be pulled up even more due to large gradients in the interfacial
tension and the same can be observed in Fig. 9(a). Thus, the diameter

Fig. 8. Surfactant concentration proﬁle along the interface for a viscoelastic
drop rising in a Newtonian ﬂuid column at diﬀerent time instances for the cases
(a) E = 0.5 and (b) E = 2.0.

From Fig. 8, the eﬀect of surfactants on the rising drop dynamics can
be understood by observing how the surfactant concentration evolves
over time along the interface. Initially, we start with an uniform surfactant concentration C0 = 0.5. It is seen that the surfactant concentration
at the trailing end quickly increases to a maximum, and then slowly
decreases. The local maxima moves away from central tip (arc
length = 0) as the drop deforms. We can also see that the arc length
of the drop increases with time (as it deforms and becomes less spherical), which contributes to the reduction of average surfactant concen-

Fig. 9. Inﬂuence of initial surfactant concentration for a viscoelastic drop rising in a Newtonian ﬂuid column: (a) drop shape at t = 20 for diﬀerent initial surfactant
concentrations (i) C0 = 0.1, (ii) C0 = 0.5, (iii) C0 = 1.0 and (iv) C0 = 1.5, surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases
(b) C0 = 0.1 and (c) C0 = 1.5 with ﬂow parameters Re2 = 10, Fr = 1, We = 400, Wi1 = 5, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1, E = 1, Pe = 50, D = 0.5
and hc = 2.5.
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Fig. 10. Inﬂuence of Peclet number for a viscoelastic drop rising in a Newtonian ﬂuid column: (a) drop shape at t = 20 for diﬀerent Peclet numbers (i) Pe = 10,
(ii) Pe = 50, (iii) Pe = 100 and (iv) Pe = 200, surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases (b) Pe = 10 and (c) Pe = 200
with ﬂow parameters Re2 = 10, Fr = 1, We = 400, Wi1 = 5, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 0.75, 𝛽 2 = 1.0, 𝛼 1 = 0.1, E = 1, C0 = 0.5, C∞ = 1, Cref = 0.5, D = 0.5 and
hc = 2.5.

time step length is set as 𝛿t = 0.0005 and the computations are performed till I = 16. Fig. 11 presents the viscoelastic conformation stress
proﬁles at time instances t = 4, 8 and 16. Moreover, the surfactant concentration proﬁle along the interface at diﬀerent time instances have
been presented in Fig. 12.
At time t = 0, we assume u0 = 0 and 𝝉 p,0 = 𝕀. Initially, the buoyancy
force generated by the density diﬀerence between two ﬂuids accelerates the drop in the opposite direction of the gravity, i.e. the drop rises
up in the bulk ﬂuid column. Further, the motion of the drop is dominated by viscous stresses as the viscoelastic stresses take some time to
build up. Along the interface, the interfacial tension force dominates
compared to the viscous and viscoelastic stresses. Hence, the shape of
the drop is more spherical at t = 4. Further, we can observe that the
maximum values of viscoelastic stress component 𝜏 rr starts to accumulate at the front stagnation point, while 𝜏 rz gets built up along the entire
circumference of the bubble. However, the maximum values of 𝜏 zz are
concentrated at the rear stagnation point. At this time still the viscous
stresses continue to dominate the ﬂow dynamics as the magnitude of
viscoelastic stresses are still small and hence, the drop shape remains
more spherical. At time t = 8, the drop starts to become prolate and this
is an indication that the viscoelastic stresses are starting to dominate
the ﬂow dynamics. Further, the maximum values of 𝜏 zz and minimum
values of 𝜏 rr are concentrated at the rear stagnation point. Hence, the
polymers near the trailing end of the drop get stretched along the z direction. The extensional viscoelastic stresses in general being large in a
thin section at the trailing end of the drop can surmount the interfacial
tension, hence forming a cusp-like trailing end [77]. The cusp-like trailing end becomes more and more obvious as the time progresses. Since,
the maximum values of 𝜏 rr and minimum values of 𝜏 zz occur at the front
stagnation point, the upstream axial ﬂow experiences a strong turn tangential to the drop surface so that the polymers are greatly extended
in the radial directions. Thus, the drop doesn’t experience noticeable
deformation in the vicinity of its front end. With further advancement
in time, the viscoelastic stresses completely dominate the rising drop
dynamics. At t = 16, 𝜏 zz gets concentrated only in the rear stagnation
point resulting in the trailing end of the drop being extremely pulled
out.
From the surfactant concentration proﬁles in Fig. 12, we can observe that the concentration near the tail end of the drop increases till
t = 8, while at the top end it decreases compared to the initial concentration. Due to this, the drop near the tail end has lower interfacial tension while at the top end it has higher interfacial tension. Thus,
the drop is easily deformable at the tail end due to the addition of
surfactants. Further, Marangoni convection occurs due to non-uniform
distribution of surfactant along the interface. Due to the Marangoni

of the drop at the axis of symmetry would decrease as the drop rises
because the drop develops an indentation near the tail end. The magnitude of decrease would be larger for higher initial surfactant concentrations as the eﬀect of surfactants would be higher and hence the liquid
would move away from low interfacial tension regime. Since, the drop
is pulled up more for high surfactant concentrations, the sphericity of
the drop would decrease to a larger extent for high initial surfactant
concentrations.
4.3.3. Inﬂuence of Peclet number
In this section, we study the inﬂuence of Peclet number on the
viscoelastic drop rising in a Newtonian ﬂuid column with insoluble
surfactants on the interface. We consider the base case ﬂow parameters
and use the following ﬁve diﬀerent cases: (i) clean drop, (ii) Pe = 10,
(iii) Pe = 50, (iv) Pe = 100 and (v) Pe = 200. Fig. 10 (a) presents the
drop shape at t = 20, while Fig. 10(b) and (c) presents the surfactant
concentration proﬁle along the interface at diﬀerent time instances for
the cases Pe = 10 and Pe = 200. We can observe that at high Peclet numbers, the surfactant concentration near the tail end of the drop is much
higher compared to low Peclet numbers. This is due to lower diﬀusion
and domination of the transport of the surfactants along the interface
for high Peclet numbers. Hence, the eﬀect of surfactants on the rising
drop dynamics would be more for higher Peclet numbers. Since, the surfactant concentration is higher near the tail end and also the gradient
of the variation of concentration along the interface is high for large
Peclet numbers, the drop would be pulled up more at the rear end due
to lower interfacial tension and due to the Marangoni convection, the
ﬂuid moves away from low interfacial tension regime. This phenomenon
can be observed in Fig 10(a). Since, the indentation at the tail end of the
drop is higher for larger Peclet numbers, the diameter of the drop at the
axis of symmetry would decrease to a larger extent with an increase in
the Peclet number. Moreover, the sphericity of the drop would also decrease more with an increase in the Peclet number as the drop deforms
more.
4.4. Newtonian drop rise in a viscoelastic ﬂuid column with insoluble
surfactants
In this section, we consider a buoyancy driven 3D axisymmetric Newtonian drop rising in a viscoelastic ﬂuid column with insoluble surfactants on the interface. To systematically examine the eﬀects of various
ﬂow parameters, we designate a base case which is deﬁned as: Re2 = 10,
Fr = 1, We = 400, Wi2 = 15, 𝜀 = 2, 𝜌1 /𝜌2 = 0.1, 𝛽 1 = 1.0, 𝛽 2 = 0.75,
𝛼 2 = 0.1, Pe = 50, C0 = 0.5, C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and
hc = 2.5. Further, we use 600 degrees of freedom on the interface, the
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Fig. 11. Viscoelastic conformation stress proﬁles for a Newtonian drop rising in a viscoelastic ﬂuid column with insoluble surfactants on the interface with ﬂow
parameters Re2 = 10, Fr = 1, We = 400, Wi2 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, Pe = 50, C0 = 0.5, C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5
at dimensionless times t = 4, 8 and 16.

convection, the ﬂuid inside the drop near the tail end moves away
from low interfacial tension regime and hence the drop is pulled up
slightly.
Computations of a Newtonian drop rising in a viscoelastic ﬂuid column have revealed an interesting ﬂow phenomenon. In the wake of the
rising drop, the velocity ﬁeld at the vicinity of the trailing end is in
the direction of the motion of the drop, whereas it reverses its direction at a small distance away from the trailing end, commonly known
as negative wake [78]. Fig. 13 depicts the negative wake phenomenon
for the base case ﬂow parameters at time t = 16. Moreover, with the
addition of insoluble surfactants on the interface, the negative wake is
observed much earlier than drops without insoluble surfactants. Further, we didn’t observe any jump in the velocity proﬁles as reported

in the literature [79,80]. We next perform a parametric study to examine the eﬀects of Marangoni number, initial surfactant concentration
and Peclet number on the rising drop dynamics in a viscoelastic ﬂuid
column.
4.4.1. Inﬂuence of Marangoni number
To study the inﬂuence of Marangoni number on the rising drop dynamics, we consider the base case ﬂow parameters and vary only the
Marangoni number E. The following ﬁve diﬀerent Marangoni numbers
are used in this study: (i) E = 0, (ii) E = 0.1, (iii) E = 1.0, (iv) E = 2.0, (v)
E = 3.0. The case E = 0 represents the clean case, i.e. no surfactants on
the interface. Fig. 14 presents the drop shape at t = 20, diameter of the
drop at r = 0, sphericity, elastic energy, rise velocity and kinetic energy
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Fig. 12. Surfactant concentration proﬁle along the interface for a Newtonian
drop rising in a viscoelastic ﬂuid column at time instances t = 0, 1, 2, 4, 8, 12
and 16 for the base case with ﬂow parameters Re2 = 10, Fr = 1, We = 400,
Wi2 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, Pe = 50, C0 = 0.5,
C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5.

in the drop for diﬀerent Marangoni numbers. Further, Fig. 15 presents
the surfactant concentration proﬁle at diﬀerent time instances for the
cases E = 0.1 and E = 3.0.
We can observe that the concentration of surfactants increase near
the tail end of the drop till t = 7, afterwards it decreases. Near the top
end of the drop, the surfactant concentration decreases with time. From
Fig. 15, we can notice that the increase in the surfactant concentration
near the top end of the drop is much higher for low Marangoni numbers. We know from the base case study, that a Newtonian drop rising
in a viscoelastic ﬂuid column develops a long and narrow tail as the

Fig. 13. Magnitude of velocity proﬁle and velocity vectors at dimensionless
time t = 16 for the base case with ﬂow parameters Re2 = 10, Fr = 1, We = 400,
Wi2 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, Pe = 50, C0 = 0.5,
C∞ = 1, Cref = 0.5, E = 1, D = 0.5 and hc = 2.5.

drop rises. However, due to Marangoni convection we have observed
that the drop at the tail end gets pulled up slightly due to the inﬂuence of surfactants. Further, the drop at the tail end also becomes much
ﬂatter as well and the same can be observed in Fig. 14(a). Since the

Fig. 14. Inﬂuence of Marangoni number for a Newtonian drop rising in a viscoelastic ﬂuid column: (a) drop shape at t = 16, (b) diameter of the drop at r = 0,
(c) sphericity, (d) center of mass, (e) rise velocity and (f) kinetic energy for diﬀerent Marangoni numbers (i) E = 0, (ii) E = 0.1, (iii) E = 1, (iv) E = 2 and (v) E = 3
with ﬂow parameters Re2 = 10, Fr = 1, We = 400, Wi2 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, C0 = 0.5, C∞ = 1, Cref = 0.5, Pe = 50 and
D = 0.5.
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higher Marangoni numbers has lower rise velocity, the drop will have a
lower center of mass as it rises slowly and the same can be observed in
Fig. 14(d).
4.4.2. Inﬂuence of initial surfactant concentration
In this section, we study the inﬂuence of initial surfactant concentration on the Newtonian drop rising in a viscoelastic ﬂuid column with
insoluble surfactants on the interface. We consider the base case ﬂow
parameters and use the following ﬁve diﬀerent cases: (i) clean bubble,
(ii) C0 = 0.25, (iii) C0 = 0.5, (iv) C0 = 1.0, (v) C0 = 1.5. Fig. 16(a)
presents the drop shape at t = 16 for all the ﬁve cases, while Fig. 16(b)
and (c) presents the surfactant concentration proﬁles along the interface
for the cases C0 = 0.25 and C0 = 1.5.
For larger initial surfactant concentrations, we can observe that the
magnitude of increase in the surfactant concentration at the tail end
of the drop is higher. Hence, the drop at the tail end would be pulled
up compared to a drop rise without surfactants, due to Marangoni convection as a result of larger gradients in the interfacial tension and the
same is observed in Fig. 16(a). The diameter of the drop will increase
due to the eﬀects of viscoelasticity. However, due to the presence of insoluble surfactants, the increase would be lesser as the surfactants tries
to pull the tail end of drop up while the viscoelasticity resists it. Thus,
the sphericity of the drop would decrease to a larger extent for high
surfactant concentrations as the deformation is larger for the highest
surfactant concentration.
4.4.3. Inﬂuence of Peclet number
To study the inﬂuence of Peclet number on the rising drop dynamics,
we consider the base case ﬂow parameters and vary only the Peclet
number. We consider the following ﬁve diﬀerent cases in this study:
(i) clean drop, (ii) Pe = 10, (iii) Pe = 50, (iv) Pe = 100 and (v) Pe = 125.
Fig. 17(a) presents the drop shape at t = 16 for all the ﬁve cases, while
Fig. 17(b) and (c) presents the surfactant concentration proﬁles along
the interface for the cases Pe = 10 and Pe = 125.
Flows with high Peclet number have lower diﬀusion and hence the
convection dominates which eventually leads to greater migration of
surfactants along the interface. Thus, at high Peclet numbers the surfactant concentration near the tail end of the drop is much higher compared to low Peclet numbers. Due to greater migration of surfactants, the
Marangoni convection would be higher as a result of higher gradients in
the surfactant concentration along the interface. Hence, the drop would
be pulled up more at high Peclet numbers and the same is observed in
Fig. 17(a). Further, due to the above phenomenon the increase in the
diameter of the bubble at the axis of symmetry would be lesser for high
Peclet numbers. Moreover, the sphericity would decrease in time as the

Fig. 15. Surfactant concentration proﬁle along the interface for a Newtonian
drop rising in a viscoelastic ﬂuid column at diﬀerent time instances for the cases
(a) E = 0.1 and (b) E = 3.0.

drop is pulled up due to Marangoni convection, the diameter of the
drop at the axis of symmetry increases to a lesser extent compared to
a drop rise without surfactants, see Fig. 14(b). The sphericity of the
drop decreases with time as the drop deforms due to the eﬀects of viscoelasticity and surfactant migration. The decrease is much larger for
the case E = 3 as the drop develops small projections at the tail end.
The eﬀects of surfactants leads to ﬂatter tail, whereas the viscoelasticity
tries to prevent the drop to rise at the tail end and hence, we observe
a combination of ﬂat and sharper tail, see Fig. 14(a). Further, the rise
velocity and kinetic energy in the drop decreases beyond the initial acceleration due to buoyancy. The decrease in rise velocity and kinetic energy is much more for higher Marangoni numbers. Since, the drop with

Fig. 16. Inﬂuence of initial surfactant concentration for a Newtonian drop rising in a viscoelastic ﬂuid column: (a) drop shape at t = 16 for diﬀerent initial surfactant
concentrations (i) C0 = 0.25, (ii) C0 = 0.5, (iii) C0 = 1.0 and (iv) C0 = 1.5, surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases
(b) C0 = 0.25 and (c) C0 = 1.5. with ﬂow parameters Re2 = 10, Fr = 1, We = 400, Wi2 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, E = 1, Pe = 50, D = 0.5
and hc = 2.5.
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Fig. 17. Inﬂuence of Peclet number for a Newtonian drop rising in a viscoelastic ﬂuid column: (a) drop shape at t = 16 for diﬀerent Peclet numbers (i) Pe = 10,
(ii) Pe = 50, (iii) Pe = 100 and (iv) Pe = 125, surfactant concentration proﬁle along the interface at diﬀerent time instances for the cases (b) Pe = 10 and (c) Pe = 125
with ﬂow parameters Re2 = 10, Fr = 1, We = 400, Wi1 = 15, 𝜌1 /𝜌2 = 0.1, 𝜀 = 2, 𝛽 1 = 1.0, 𝛽 2 = 0.75, 𝛼 2 = 0.1, E = 1, C0 = 0.5, C∞ = 1, Cref = 0.5, D = 0.5 and
hc = 2.5.

drop deforms and the decrease would be much greater for high Peclet
numbers.

wake phenomenon is observed. The presence of surfactants pulls the
tail end of the drop up slightly compared to ﬂows without surfactants
and makes the tail ﬂatter with/without small undulations depending on
the magnitude of the surfactant concentrations. The proposed numerical
scheme shall be used to analyze the amount of polymers and surfactants
to be used during polymer ﬂooding process for maximizing the oil and
gas recovery [1–3].

5. Summary and observations
A stabilized ﬁnite element scheme based on Local Projection Stabilization and coupled ALE and Lagrangian approach is presented for computations of buoyancy driven 3D-axisymmetric viscoelastic two-phase
ﬂows with insoluble surfactants. The Navier–Stokes equations, Giesekus
constitutive equation and surface evolution equation for the surfactant
concentration are solved using this numerical scheme. In this scheme,
the surface partial diﬀerential equation describing the surfactant concentration on the interface is treated in a Lagrangian manner, whereas
all other equations are handled with the arbitrary Lagrangian–Eulerian
approach. The mesh update of the moving meshes is realized by solving the linear elasticity equation. The tangential gradient operator technique is used to handle the curvature term semi-implicitly in the force
balance at the interface. This technique allows us to approximate the
curvature term with continuous ﬁnite element basis functions. The main
highlight of the numerical scheme is the three-ﬁeld local projection stabilized formulation. One-level LPS scheme based on an enriched approximation space and a discontinuous projection space is used in the stabilized formulation. This stabilized numerical scheme allowed us to use
isoparametric second order conforming ﬁnite elements enriched with
cubic bubble functions for velocity and viscoelastic stress, second order
ﬁnite elements for surfactant concentration and discontinuous ﬁrst order ﬁnite element for pressure. First order implicit Euler method is used
for time discretization and ﬁxed point iteration is used for linearization
of the non-linear terms in the equations. An excellent mass conservation
of the ﬂuid mass and of the total surfactant mass is obtained with the
proposed scheme.
A grid independence study is performed to obtain grid independent
numerical solutions. Further, the numerical scheme is validated for a
Newtonian drop rising in a Newtonian/Giesekus ﬂuid column using the
numerical results in the literature. Further, a comprehensive numerical
investigation is performed for a Newtonian drop rising in a viscoelastic
ﬂuid column and a viscoelastic drop rising in a Newtonian ﬂuid column
with insoluble surfactants on the interface. The eﬀects of the Marangoni
number, initial surfactant concentration and Peclet number on the rising
drop dynamics are analyzed. The observations are summarized as follows. A viscoelastic drop rising in a Newtonian ﬂuid column develops
an indentation around the rear stagnation point with a dimpled shape.
Moreover, surfactants on the interface force the drop to rise slowly but
increases the indentation, i.e. the drop is pulled up more at the tail end.
Further, a Newtonian drop rising in a viscoelastic ﬂuid column experiences an extended trailing edge with a cusp-like shape and the negative
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