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a b s t r a c t 

A new three-field formulation based on the Local Projection Stabilization (LPS) is developed for computa- 

tions of the coupled Navier–Stokes and Oldroyd-B viscoelastic constitutive equations at high Weissenberg 

numbers. One-level LPS is based on an enriched approximation space and a discontinuous projection 

space, where both spaces are defined on a same mesh. It allows us to use equal order interpolation spaces 

for the velocity and the viscoelastic stress, whereas inf-sup stable finite elements are used for the velocity 

and the pressure. Further, the coupled system of equations are solved in a monolithic approach. Since the 

stabilization terms in LPS are assembled only once, the proposed scheme is computationally efficient in 

comparison with residual based stabilized numerical schemes. Numerical studies using method of manu- 

factured solutions show an optimal order of convergence in the respective norms. Further, the proposed 

scheme is validated using two benchmark problems: flow past a cylinder in a rectangular channel and 

lid-driven cavity flow. Moreover, the numerical results are compared with the results in the literature and 

the effects of elasticity and inertia are studied. 

© 2017 Elsevier B.V. All rights reserved. 
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1. Introduction 

Viscoelastic flows can be found in a wide range of industrial

and commercial applications such as enhanced oil recovery, pesti-

cide deposition, medicinal/pharmaceutical sprays, drug delivery, in-

jection molding, polymer melts, inkjet printing, additive manufac-

turing, cosmetics industry and food processing. Flows of viscoelas-

tic fluids are very complex in nature and often result in complex

secondary flows and transient flow patterns even in very simple

geometries. A quantitative understanding of the flow dynamics of

viscoelastic fluids is essential to predict optimal processing condi-

tions to improve the quality of the final products in various indus-

trial and commercial applications. 

Mathematical models of viscoelastic fluid flows can be classi-

fied into two categories: kinetic theory models and continuum me-

chanics models. The kinetic theory approach attempts to model

the polymer dynamics by using a coarse-grained description of

polymer chains by representing them as chains of springs or

rods which eventually lead to Fokker–Planck equation. Continuum

approach attempts to provide constitutive differential equations,

where the micro properties are obtained empirically. Oldroyd-

B [1] , Giesekus [2] , finitely extensible non-linear elastic (FENE-
∗ Corresponding author. 
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 [3] , FENE-CR [4] ), Phan-Thien-Tanner (PTT) [5] and eXtended

om-Pom (XPP) [6] are the commonly used continuum models in

he literature. Since the focus of this paper is to develop an effi-

ient numerical scheme for viscoelastic fluid flows, the continuum

echanics approach and in particular the Oldroyd-B model is con-

idered. Oldroyd-B model is the simplest model and utilized very

ften for various viscoelastic benchmark problems. Its generality is

ell-accepted by the CFD community to test different numerical

ethods and formulations even though this model has an infinite

xtensional viscosity that leads to a non-physical stress growth in

he direction of the extensional flow. Due to the inherent complex-

ty of viscoelastic fluids and the resulting analytic intractability of

he mathematical models in this area, computational approaches

re playing an ever increasing role. Numerical simulations are not

nly cost-effective, but also allow the study of problems where ex-

eriments are unfeasible and theoretical predictions are very diffi-

ult or nearly impossible to obtain. 

Numerical simulations of isothermal, incompressible viscoelas-

ic flows involve simultaneous solution of the Navier–Stokes equa-

ions and a viscoelastic constitutive equation. Although a consid-

rable progress has been made in the literature, many challenges

till remain in computations of viscoelastic fluid flows. The consti-

utive equation is highly advection dominated which may induce

oth global and local oscillations in the numerical solution. Fur-

her, the choice of the approximation spaces for the velocity, the

ressure and the viscoelastic stress is restricted by the compati-

http://dx.doi.org/10.1016/j.jnnfm.2017.06.007
http://www.ScienceDirect.com
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ility conditions. In addition, all numerical schemes that simulate

iscoelastic flows encounter a major challenge: the so-called high

eissenberg number problem (HWNP), i.e. a difficulty in obtain-

ng mesh-converged numerical solutions even for simple bench-

ark problems at high Weissenberg numbers. Weissenberg num-

er (Wi) is a non-dimensional measure of the elasticity of the

uid. At high Weissenberg numbers, the stress experiences a com-

ination of deformation and convection, which gives rise to steep

xponential profiles. Thus, the spatial profiles of the viscoelastic

tress are poorly approximated by the numerical schemes, which

se polynomial basis functions. The failure to properly balance the

eformation with the convection yields a numerical instability. It

as been shown by Hulsen [7] that the stress field needs to be

ositive-definite throughout the computations to avoid numerical

nstabilities. It can be achieved by rewriting the stress equation in

erms of conformation stress tensor, which is symmetric positive-

efinite [7] . Fattal and Kupferman [8] proposed a log-conformation

epresentation (LCR) method. In LCR method, the constitutive rela-

ions have been reformulated as equations for the logarithm of the

onformation tensor which allows to compute stress at high Weis-

enberg numbers. Recently, Knechtges et al. [9] have proposed a

ully implicit way of handling the log-conformation transformation

hich avoids the eigen-decomposition of the velocity gradient. Al-

ernatively, Balci et al. [10] have proposed a square-root conforma-

ion representation to handle HWNP. In addition, a kernel confor-

ation tensor transformation for computations of viscoelastic fluid

ows has been proposed by Afonso et al. [11] . 

In order to handle dominated convection and/or to use equal

rder interpolation spaces for the velocity and the viscoelastic

tress, various stabilization approaches have been proposed in the

iterature and we briefly review it here. The most widespread

ethod to suppress the spurious oscillations that occur due to the

dvection dominated constitutive equation is the Streamline Up-

ind Petrov Galerkin (SUPG) method of Brooks and Hughes [12] ,

nd it has first been applied to viscoelastic flows by Marchal and

rochet [13] . Subsequently, several stabilization techniques such

s Elastic Viscous Stress Splitting (EVSS) [14] , Discrete Elastic Vis-

ous Stress Splitting (DEVSS) [15,16] , Explicitly Elliptic Momentum

quation (EEME) [17] , Discrete adaptive viscoelastic stress split-

ing (DAVSS) [18] and the Discontinuous Galerkin (DG) method

19] have been proposed in the literature. 

In addition, Fan et al. [20] introduced an incomplete Galerkin

east Squares (GLS) method and Coronado et al. [21] pro-

osed a complete four–field GLS method for viscoelastic flows.

i et al. [22] proposed I-PS-DEVSS-CNBS scheme, which is based

n the finite incremental calculus (FIC), pressure stabilization

rocess, DEVSS method, the use of the Crank–Nicolson-based-

plitting (CNBS) scheme and the use of the non-consistent SUPG

ethod to stabilize the viscoelastic constitutive equation. Further,

 fully explicit characteristic based split scheme for viscoelas-

ic fluids has been proposed by Nithiarasu [23] . Also, Chen et.

l. [24] introduced a least square technique for viscoelastic flows

nd Lee [25] proposed a nonlinear weighted least-squares finite el-

ment method for Oldroyd-B flows. Kwack and Masud [26] used

 residual based Variational Multi-Scale (VMS) stabilized method

or the momentum equation and SUPG method for the constitutive

quation. Recently, Castillo and Codina [27] proposed two stabi-

ized formulations based on the VMS framework, namely algebraic

ub-grid scale method and orthogonal sub-grid scale method to

andle the convective nature of the viscoelastic constitutive equa-

ion. 

In the present work, we propose an alternative approach based

n the Local Projection Stabilization (LPS) to handle the convective

ature of the viscoelastic constitutive equation and to use equal or-

er interpolation spaces for the velocity and the viscoelastic stress.

riginally proposed for the Stokes problem by Becker and Braack
28] , LPS has been extended successfully for transport [29] and Os-

en [30] problems. The stabilization term of the local projection

ethod is based on a projection πh : Y h → D h of the finite el-

ment space Y h , which approximates the solution, into a discon-

inuous space D h . In LPS, the standard Galerkin discretization is

tabilized by adding a term that gives L 2 control over the fluctu-

tion id − πh of the gradient of the solution, where id is the iden-

ity mapping. In all these papers [28–30] , a two-level approach has

een used where the projection space D h is defined on a mesh that

s coarser than the mesh used for the approximation space Y h . This

pproach leads to computations on two different meshes. To use

 single mesh, an one-level approach based on enrichment of the

pproximation space has been proposed in [31–33] . Refer the re-

iew paper by Braack and Lube [34] for more details on LPS. In

his work, we use the one-level LPS scheme for numerical simula-

ion of steady-state and transient Oldroyd-B viscoelastic fluid flows

t high Weissenberg numbers. 

To validate the proposed numerical scheme for Oldroyd-B vis-

oelastic flows, we present numerical results for two bench-

ark problems: flow past a cylinder in a rectangular chan-

el [9,18,20,21,26,35–37] and lid-driven cavity flow [8,37–42] . Fur-

her, the effects of elasticity and inertia on the flow dynamics of

iscoelastic fluids in the considered benchmark problems are an-

lyzed. In addition, a convergence study based on the method of

anufactured solutions is performed to numerically check the rate

f convergence of the proposed stabilized formulation for Oldroyd-

 viscoelastic fluid flows. 

The paper is organized as follows: description of the governing

quations of viscoelastic fluid flow and its dimensionless form are

resented in Section 2 . In Section 3 , the weak form of the model

quations and the Galerkin finite element discretization for the

onsidered problem are outlined. Further, a stabilization technique

ased on one-level LPS is designed for computations of Oldroyd-

 viscoelastic flows at high Weissenberg numbers. In addition, the

emporal discretization and linearization strategy used in the nu-

erical scheme are outlined. Numerical results are presented in

ection 4 and finally conclusions are summarized in Section 5 . 

. Mathematical model 

.1. Governing equations of viscoelastic fluid flow 

The flow of an incompressible, isothermal viscoelastic fluid in

 bounded domain � ⊂ R 

2 and in the time interval t ∈ (0, I] is

escribed by the Navier–Stokes equations: 

ρ

(
∂ u 

∂t 
+ u · ∇u 

)
− ∇ · T (u , p, σ) = 0 in � × (0 , I ] , 

∇ · u = 0 in � × (0 , I ] , 

(1) 

here ρ , t , u , p , σ and I denote the fluid density, time, veloc-

ty, pressure, viscoelastic stress and given end time, respectively.

ere, the stress tensor T (u , p, σ) that incorporates the effect of

iscoelastic stress is given by 

 (u , p, σ) = −pI + 2 μs D (u ) + σ, (2) 

here I and μs denote the identity tensor and the viscosity of

ewtonian solvent, respectively. Note that the first two terms in

quation (2) are the stress contributions from the Newtonian sol-

ent, whereas the last term is the stress contribution from the

olymeric solute. Further, the velocity deformation tensor D (u ) is

iven by 

 (u ) = 

1 

2 

(∇u + ∇u 

T 
)
, 

here the superscript T denotes transpose. The transient evolution

f the viscoelastic stress in the fluid can be described by a consti-
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tutive equation of differential type, see for example [1–6] . In this

work, we consider the Oldroyd-B [1] constitutive model given by 

λ
∇ 

σ + σ − 2 μp D (u ) = 0 in � × (0 , I ] , (3)

where λ and μp denote the relaxation time and polymeric vis-

cosity, respectively. Further, the upper-convected time derivative of

the viscoelastic stress tensor is defined as 

∇ 

σ= 

∂σ

∂t 
+ u · ∇σ − ( ∇u ) 

T · σ − σ · ( ∇u ) . 

Next, the dimensionless conformation stress tensor ( τ), which has

the positive definite property [7] , is given by the following rela-

tion 

σ = 

μp 

λ
( τ − I ) . 

Rewriting the Oldroyd-B constitutive equation (3) in terms of the

conformation stress tensor using the above relation, we get 

∂ τ

∂t 
+ u · ∇ τ − (∇u ) T · τ − τ · (∇u ) + 

1 

λ
( τ − I ) = 0 . (4)

The coupled Navier–Stokes (1) and Oldroyd-B constitutive equa-

tions (4) are closed with the initial and boundary conditions. At

time t = 0, we specify the conformation stress tensor τ0 and the

divergence-free velocity field u 0 over the entire computational do-

main, i.e., 

u (·, 0) = u 0 , τ(·, 0) = τ0 in �. (5)

The boundary conditions for different examples investigated in

this work are described in Section 4 . Nevertheless, for deriving

the weak formulation, we impose a non-homogeneous Dirichlet

boundary condition for the velocity over the entire boundary ∂�,

i.e., 

u = u d on ∂�. (6)

2.2. Dimensionless form of model equations 

In this section, we derive the dimensionless form of the coupled

Navier–Stokes (1) and the Oldroyd-B constitutive equations (4) . We

introduce the scaling factors L and U as the characteristic length

and velocity, respectively. Further, we define the dimensionless

variables 

˜ x = 

x 

L 
, ˜ u = 

u 

U 

, ˜ t = 

t U 

L 
, ˜ I = 

I U 

L 
, ˜ p = 

p 

ρU 

2 
, ˜ τ = τ

and the dimensionless numbers (Reynolds, Weissenberg and

amount of solvent contribution, respectively) 

Re = 

ρU L 

μ0 

, Wi = 

λU 

L 
, β = 

μs 

μ0 

. 

Here, μ0 = μs + μp denotes the total viscosity. Writing the cou-

pled system in a dimensionless form and omitting the tilde after-

wards, we end up with the following dimensionless Navier–Stokes

and Oldroyd-B constitutive equations: 

∂u 

∂t 
+ u · ∇u − 2 β

Re 
∇ · D (u ) + ∇p −

(
1 − β

)
Re Wi 

∇ · τ = 0 , 

∇ · u = 0 , 

∂ τ

∂t 
+ u · ∇ τ − (∇u ) T · τ − τ · (∇u ) + 

1 

Wi 
( τ − I ) = 0 . (7)

Here, the unknown components of the velocity and the conforma-

tion stress tensor are denoted by 

u = ( u x , u y ) 
T and τ = 

[
τxx τxy 

τyx τyy 

]
with τyx = τxy . 
T  
. Numerical scheme 

.1. Weak formulation 

Let L 2 ( �) and H 

1 ( �) be the standard Sobolev spaces and ( ·, ·)
e the inner product in L 2 ( �) and its vector/tensor-valued versions,

espectively. Further, we define the ansatz spaces for the velocity,

ressure, viscoelastic conformation stress and the test space for the

elocity as 

 := 

{
v ∈ H 

1 ( �) 
2 
}
, 

 := 

{ 

q ∈ L 2 ( �) : 

∫ 
�

qdx = 0 

} 

, 

 := 

{
ψ = 

[
ψ ij 

]
, 1 ≤ i, j ≤ 2 , ψ ij ∈ H 

1 ( �) , ψ ij = ψ ji 

}
, 

 0 := 

{
v ∈ H 

1 ( �) 
2 : v = 0 on ∂�

}
. 

e now multiply the momentum balance, the mass balance and

he conformation stress tensor equations (7) , by test functions v ∈
 0 , q ∈ Q and ψ ∈ S , respectively and integrate over �. After apply-

ng integration by parts to the stress tensor term in the momen-

um balance equation (first equation in (7) ), we get the following

eak form of the model problem: 

For given u 0 , u d and τ0 , find ( u , p , τ) ∈ V × Q × S such that 

∂u 

∂t 
, v 

)
+ a ( ̂  u ; u , v ) − b(p, v ) + c( τ, v ) = 0 , 

b(q, u ) = 0 , (
∂ τ

∂t 
, ψ 

)
+ d( ̂  u , τ, ψ ) + e ( τ, ψ ) = f ( ψ ) , (8)

or all ( v , q , ψ) ∈ V 0 × Q × S , where 

a ( ̂  u ; u , v ) = 

2 β

Re 

∫ 
�

D (u ) : D (v ) dx + 

∫ 
�
( ̂  u · ∇) u · v dx 

b(q, v ) = 

∫ 
�

q ∇ · v dx 

c( τ, v ) = 

(
1 − β

)
Re Wi 

∫ 
�

τ : D (v ) dx 

( ̂  u , τ, ψ ) = 

∫ 
�
( ̂  u · ∇ τ) : ψ dx −

∫ 
�
(∇ ̂

 u 

T · τ + τ · ∇ ̂

 u ) : ψ dx 

e ( τ, ψ ) = 

1 

Wi 

∫ 
�

τ : ψ dx 

f ( ψ ) = 

1 

Wi 

∫ 
�

I : ψ dx. 

ere, the notation 

ˆ u is used to indicate the nonlinear term. Since

he coupled system is solved in a monolithic approach, we rewrite

he above weak formulation in a compact form: 

For given u 0 , u d and τ0 , find ( u , p , τ) ∈ V × Q × S such that 

∂u 

∂t 
, v 

)
+ A ( ̂  u ; (u , p, τ) , (v , q, ψ )) + 

(
∂ τ

∂t 
, ψ 

)
= f ( ψ ) (9)

or all ( v , q , ψ) ∈ V 0 × Q × S , where 

 ( ̂  u ; (u , p, τ) , (v , q, ψ )) = a ( ̂  u ; u , v ) − b(p, v ) + c( τ, v ) 

+ b(q, u ) + d( ̂  u , τ, ψ ) + e ( τ, ψ ) . 

.2. Spatial discretization 

.2.1. Galerkin finite element 

For the finite element discretization of (9) , let {T h } denote

 family of shape-regular decomposition of � into triangles or

uadrilaterals. The diameter of a cell K ∈ T h is denoted by h K . The

esh parameter h is the maximum diameter of among all cells in

 . Let V ⊂ V, Q ⊂ Q and S ⊂ S be the conforming finite element
h h h h 
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paces on T h . The standard Galerkin approximation of the varia-

ional problem (9) reads: 

For given u 0 , u d and τ0 , find ( u h , p h , τh ) ∈ V h × Q h × S h such

hat 

∂u h 

∂t 
, v h 

)
+ A ( ̂  u h ; (u h , p h , τh ) , (v h , q h , ψ h )) 

+ 

(
∂ τh 

∂t 
, ψ h 

)
= f ( ψ h ) (10) 

or all ( v h , q h , ψ h ) ∈ V h , 0 × Q h × S h . In order to obtain a stable

umerical scheme, the velocity space V h and the pressure space

 h need to be chosen in such a way that the discrete inf-sup con-

ition, 

inf 
 h ∈ Q h 

sup 

v h ∈ V h 

(
q h , ∇ · v h 

)
‖ q h ‖ Q h 

‖ v h ‖ V h 

≥ β1 > 0 , (11) 

olds true. Simultaneously, the conformation stress space S h and

he velocity space V h should also satisfy the discrete inf-sup con-

ition 

inf 
 h ∈ V h 

sup 

τh ∈ S h 

(
τh , D (v h ) 

)
‖ τh ‖ S h 

‖ v h ‖ V h 

≥ β2 > 0 . (12) 

hese two requirements drastically reduce the choice of finite el-

ment spaces that allow stable discretization. For Stokes prob-

em, Marchal and Crochet [13] have proposed a family of bi-

uadratic velocity element Q 2 , bilinear pressure element Q 1 and

 family of (2 × 2) −, (3 × 3) −, (4 × 4)-bilinear stress elements,

hich are defined on 4, 9 and 16 squares that are obtained by

qually subdividing the reference quadrilateral. Nevertheless, the

se of (2 × 2) −, (3 × 3) −bilinear stress elements do not lead to

 stable scheme [43] . Further, Q 3 element has been suggested in

43] for stress approximation. Alternatively, discontinuous interpo-

ations for the stresses has been proposed by Fortin and Fortin [19] .

e refer to Baaijens [44,45] for a review of mixed finite element

ormulation for viscoelastic flows. 

.2.2. Local projection stabilized formulation 

The standard Galerkin approach for solving the coupled Navier–

tokes and Oldroyd-B constitutive problem (10) may suffer in gen-

ral from two shortcomings. First, the Oldroyd-B constitutive equa-

ion is highly advection dominated at high Weissenberg numbers.

econd, the finite element spaces should satisfy the discrete inf-

up conditions (11) and (12) to have control over p h and D (u h ) ,

espectively. One way to overcome these difficulties is to use sta-

ilized formulations. Even though numerical schemes that satisfy

oth inf-sup conditions are desired, it is seldom used for vis-

oelastic flow computations. Since a stabilized formulation is al-

ays needed to handle HWNP, equal order interpolation spaces for

he velocity and the viscoelastic stress is preferred to avoid higher

omputational cost associated with the finite element pairs that

atisfy the inf-sup condition. Stability and convergence analysis for

ifferent stabilization schemes with arbitrary order of interpolation

paces have been performed in the literature, see for example [46–

0] . 

Residual based stabilization methods can circumvent the above

wo shortcomings and have been studied thoroughly in the liter-

ture [13–16,26] for viscoelastic flows. A drawback of the resid-

al based methods is that they introduce a large number of ad-

itional coupling terms between the variables, which do not have

ny physical interpretation. An alternative to residual based meth-

ds is the symmetric stabilization method such as Local Projec-

ion Stabilization (LPS) [28–34] , which have been investigated for

onvection-diffusion-reaction equations and Newtonian fluid flows

n the literature. 
In this work, we add symmetric stabilization terms to the stan-

ard Galerkin formulation (10) using one-level LPS method [31,32] .

ocal projection stabilization circumvents the spurious oscillations

hat occur due to advection dominated constitutive equation. Apart

rom this, LPS also allows to circumvent the inf-sup conditions

nd to use equal order interpolations to discretize the unknown

ariables, refer [32] . Nevertheless, we use inf-sup stable finite ele-

ents for the velocity and pressure spaces, and equal order inter-

olation spaces for the velocity and conformation stress. 

Let Y h denote the approximation space and D h be the discontin-

ous projection space defined on T h . Let D h ( K ) := { d h | K : d h ∈ D h }

nd πK : Y h ( K ) → D h ( K ) the local L 2 -projection into D h ( K ). Further,

e define the global projection πh : Y h → D h by ( πh y )| K := πK ( y | K ).

he fluctuation operator κh : Y h → Y h is given by κh := id − πh ,

here id is the identity mapping. We apply these operators to vec-

or/tensor valued functions in a component-wise manner. Adding

ymmetric stabilization terms to the discrete problem (10) , leads

o the following stabilized discrete form: 

For given u 0 , u d and τ0 , find ( u h , p h , τh ) ∈ V h × Q h × S h such

hat 

∂u h 

∂t 
, v h 

)
+ 

(
∂ τh 

∂t 
, ψ h 

)
+ S 1 (u h , v h ) + S 2 ( τh , ψ h ) 

+ A ( ̂  u h ; (u h , p h , τh ) , (v h , q h , ψ h )) = f ( ψ h ) (13) 

or all ( v h , q h , ψ h ) ∈ V h , 0 × Q h × S h , where 

S 1 (u h , v h ) = 

∑ 

K∈T h 
α1 〈 κh D (u h ) , κh D (v h ) 〉 K 

 2 ( τh , ψ h ) = 

∑ 

K∈T h 
α2 

〈
κh ∇ · τh , κh ∇ · ψ h 

〉
K 

+ 

∑ 

K∈T h 
α3 

〈
κh ∇ τh , κh ∇ ψ h 

〉
K 
. 

ere α1 = (1 − β) c 1 h K , α2 = c 2 h K , α3 = c 3 h K , where c 1 , c 2 and c 3 
re user-chosen constants. In computations, we use inf-sup sta-

le finite element pairs for the velocity and pressure. The term

 1 ( u h , v h ) provides control when the elastic contribution is high,

.e., when β is small. The first term in S 2 ( τh , ψ h ) provides control

n the divergence of the conformation stress and it allows to use

qual order interpolation spaces for the velocity and the conforma-

ion stress. The second term in S 2 ( τh , ψ h ) ensures the stability of

he constitutive equation in advection dominated case. 

We use mapped finite element spaces in our numerical compu-

ations where the enriched approximation spaces on the reference

ell ˆ K are given by 

P bubble 
r 

(
ˆ K 

)
: = P r 

(
ˆ K 

)
�

(
ˆ b � · P r−1 

(
ˆ K 

))
 

bubble 
r 

(
ˆ K 

)
: = Q r 

(
ˆ K 

)
� span 

{ 

ˆ b � · ˆ x r−1 
i 

, i = 1 , 2 

} 

, 

here r ≥ 2. Here, ˆ b � 

and 

ˆ b � are the cubic bubble and

he bi-quadratic bubble functions on the reference triangle and

uadrilateral, respectively. On triangular cells, we use ( Y h , D h ) =
P bubble 

r , P disc 
r−1 

)
, see Fig. 1 , whereas on quadrilateral cells, we use

( Y h , D h ) = 

(
Q 

bubble 
r , P disc 

r−1 

)
, see Fig. 2 . 

.3. Temporal discretization and linearization 

Let 0 = t 0 < t 1 < · · · < t N = I be a decomposition of the given

ime interval [0, I] and δt = t n +1 − t n , n = 0 , . . . , N − 1 , be the uni-

orm time step. Further, let u 

n 
h 
(x ) , p n 

h 
(x ) and τn 

h 
(x ) be the ap-

roximations of the solutions u , p and τ respectively at t = t n 

nd x ∈ T h . Applying the first order backward Euler time discretiza-

ion to the coupled system (13) , results in a sequence of stationary
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Fig. 1. Finite element pair ( Y h , D h ) = 

(
P bubble 

2 , P disc 
1 

)
used on triangular cells. 

Fig. 2. Finite element pair ( Y h , D h ) = 

(
Q bubble 

2 , P disc 
1 

)
used on quadrilateral cells. 

Fig. 3. Coarsest quadrilateral mesh (level 1) used in convergence test. 

 

 

 

 

 

 

 

 

Fig. 4. Convergence test for (a) velocity, (b) pressure and (c) viscoelastic conforma- 

tion stress fields. 

Fig. 5. Schematic representation of flow past a cylinder in a rectangular channel. 

(

equations: (
u 

n +1 
h 

− u 

n 
h 

δt 
, v h 

)
+ a 

(
u 

n +1 
h 

, u 

n +1 
h 

, v h 
)

− b 
(

p n +1 
h 

, v h 
)

+ c 
(
τn +1 

h 
, v h 

)
+ S 1 (u 

n +1 
h 

, v h ) = 0 , 

b 
(
q h , u 

n +1 
h 

)
= 0 , (

τn +1 
h 

− τn 
h 

δt 
, ψ h 

)
+ d 

(
u 

n +1 
h 

, τn +1 
h 

, ψ h 

)
+ e 

(
τn +1 

h 
, ψ h 

)
+ S 2 

(
τn +1 

h 
, ψ h 

)
= f 

(
ψ h 

)
. (14)

Here, a 
(
u 

n +1 
h 

, u 

n +1 
h 

, v h 
)

contains the non-linear conv ectiv e v elocity

term in the Navier–Stokes equation, while d 
(
u 

n +1 
h 

, τn +1 
h 

, ψ h 

)
con-

tains the non-linear convection of stresses and rotational terms in

the Oldroyd-B constitutive equation. We use an iteration of fixed

point type to linearize the coupled system (14) . 

Let u 

n +1 
h, 0 

= u 

n 
h 
, τn +1 

h, 0 
= τn 

h 
and m = 1 , . . . , M , where M is the

maximum allowed number of non-linear iterations. We adopt the

following linearization strategy in our computations: 

a 
(
u 

n +1 
h 

, u 

n +1 
h 

, v h 
)

≈ a 
(
u 

n +1 
h,m −1 

, u 

n +1 
h,m 

, v h 
)

d 
(
u 

n +1 
h 

, τn +1 
h 

, ψ h 

)
≈ d 

(
u 

n +1 
h,m −1 

, τn +1 
h,m 

, ψ h 

)
+ d 

(
u 

n +1 
h,m 

, τn +1 
h,m −1 

, ψ h 

)
−d 

(
u 

n +1 
h,m −1 

, τn +1 
h,m −1 

, ψ h 

)
. 

After linearization, the coupled system (14) leads to the following

system of linear equations: 
Find (u 

n +1 
h 

, p n +1 
h 

, τn +1 
h 

) ∈ V h × Q h × S h such that 

u 

n +1 
h,m 

− u 

n 
h 

δt 
, v h 

)
+ a 

(
u 

n +1 
h,m −1 

, u 

n +1 
h,m 

, v h 
)

− b 
(

p n +1 
h,m 

, v h 
)

+ c 
(
τn +1 

h,m 

, v h 
)

+ S 1 (u 

n +1 
h,m 

, v h ) = 0 , 

b 
(
q h , u 

n +1 
h,m 

)
= 0 , (

τn +1 
h,m 

− τn 
h 

δt 
, ψ h 

)
+ e 

(
τn +1 

h,m 

, ψ h 

)
+ S 2 

(
τn +1 

h,m 

, ψ h 

)
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Fig. 6. Flow past a cylinder in a wide channel: Drag vs Weissenberg number using 

the three meshes M1, M2, M3 compared with results of Sun et al. [18] , Coronado 

et al. [21] and Kwack et al. [26] . 
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O

τ

O  

b  

w

u

w  

a  

a  

a  
+ d 
(
u 

n +1 
h,m −1 

, τn +1 
h,m 

, ψ h 

)
+ d 

(
u 

n +1 
h,m 

, τn +1 
h,m −1 

, ψ h 

)
− d 

(
u 

n +1 
h,m −1 

, τn +1 
h,m −1 

, ψ h 

)
= f 

(
ψ h 

)
, (15) 

or 1 ≤ m ≤ M and ( v h , q h , ψ h ) ∈ V h , 0 × Q h × S h . We refer

o [51] for the details on assembling of matrices in the Navier–

tokes system. 

emark 1. Note that the stabilizing terms S 1 and S 2 are linear.

ence, it is enough to assemble these terms only once at the be-

inning of the computations, which is very efficient compared to

he state-of-the-art residual based methods where the stabilization

atrices need to be assembled not only at every time step but also

t each nonlinear iteration step. 

The linearized system of algebraic equations (15) are solved

sing the Multifrontal Massively Parallel Sparse (MUMPS) direct

olver [52,53] . Here, we follow a monolithic approach to solve

or the velocity, pressure and conformation stress variables. The

roposed numerical scheme for viscoelastic fluid flows is imple-

ented in our in-house finite element code ParMooN [54,55] . 

. Numerical results 

In this section we present the numerical results of Oldroyd-

 viscoelastic fluid flows obtained by the proposed one-level LPS

cheme. A convergence study using the method of manufactured

olutions is first presented for the proposed scheme. We then

resent the numerical results for a stationary viscoelastic flow over

 cylinder in a rectangular channel and a time-dependent vis-

oelastic lid-driven cavity flow. The numerical results are compared

ith the corresponding results in the literature and the effects of

eissenberg number on the flow dynamics are examined for iner-

ial and non-inertial flows. 

.1. Convergence test 

In this section, we present a convergence study of the pro-

osed one-level local projection stabilized formulation for compu-

ations of Oldroyd-B viscoelastic fluid flows. Force terms are in-

roduced in the Navier–Stokes and the conformation stress tensor

quations (7) such that the exact solution satisfies 

u x (x, y ) = exp (−0 . 1 t) sin (πx ) , 

u y (x, y ) = −π exp (−0 . 1 t) y cos (πx ) , 

p(x, y ) = exp (−0 . 1 t) sin (πx ) cos (πy ) , 

τxx (x, y ) = exp (−0 . 1 t) sin (πx ) , 
τxy (x, y ) = −π exp (−0 . 1 t) y cos (πx ) , 

yy (x, y ) = exp (−0 . 1 t) sin (πx ) cos (πy ) . 

urther, the initial and non-homogeneous Dirichlet boundary val-

es are chosen from the above exact solution. The computational

omain is a unit square [0, 1] 2 . The computations are performed

sing quadrilateral meshes which are obtained by successive uni-

orm refinement of the initial coarse mesh. The coarsest mesh

sed in this convergence study consists of four cells as depicted

n Fig. 3 . In each mesh level, we solved the problem with Re = 0.5,

i = 0.25, β = 0.75, δt = h 2 , c 1 = 0.1, c 2 = 0.1 and c 3 = 0.05.

urther, the finite element spaces for velocity / pressure / confor-

ation stress tensor are chosen to be Q 

bubble 
2 

/ P disc 
1 

/ Q 

bubble 
2 

. We

valuate the discretization errors in the velocity, pressure and vis-

oelastic conformation stress fields in space with L 2 − norm and

 

1 − semi-norm , and in time with l ∞ − norm and l 2 − norm , i.e., 

‖ e u ‖ 0 , ∞ 

: = sup 
n =1 , 2 , ... N 

‖ u (x , t n ) − u h (x , t n ) ‖ L 2 (�) 

‖ e u ‖ 0 , 0 : = ( 
∫ T 

0 ‖ u (x , t n ) − u h (x , t n ) ‖ 

2 
L 2 (�) dt ) 

1 / 2 

| e u | 1 , ∞ 

: = sup 
n =1 , 2 , ... N 

| u (x , t n ) − u h (x , t n ) | H 1 (�) 

| e u | 1 , 0 : = ( 
∫ T 

0 | u (x , t n ) − u h (x , t n ) | 2 H 1 (�) dt ) 
1 / 2 

. 

uppose r is the polynomial order of the finite element basis func-

ion, then the optimal order of convergence for the velocity and

ressure in L 2 − norm and in H 

1 − semi-norm are of the order

 + 1 and r , respectively, whereas the optimal order of convergence

or the viscoelastic conformation stress in L 2 − norm and in H 

1 −
emi-norm are expected to be r + 1 / 2 and r − 1 / 2 respectively,

efer [56] for error estimates of transient convection-diffusion-

eaction problems with Local Projection Stabilization. Fig. 4 shows

he computed errors in the velocity, pressure and viscoelastic con-

ormation stress fields in the respective norms at each mesh level.

e can observe the optimal order of convergence for the veloc-

ty, pressure and viscoelastic conformation stress in the respective

orms. 

.2. Flow past a cylinder in a rectangular channel 

The flow of an Oldroyd-B fluid past a cylinder in a rectan-

ular channel is a standard benchmark problem to validate the

omputational methods for viscoelastic fluids [9,18,20,21,26,35–37] .

ig. 5 shows the schematic representation of the computational do-

ain. Due to the symmetry of the problem along the x-axis, we

onsider only the upper half of the channel to reduce the compu-

ational cost. At the inflow, we impose a fully developed parabolic

elocity profile 

 x = 1 . 5 

(
1 − y 2 

w 

2 

)
, u y = 0 , 

here w is the half of the channel width. Further, we set the

iscoelastic conformation stress tensor components at the inflow

oundary to the steady state solution of the Poiseuille flow of an

ldroyd-B fluid, which is given by 

xx = 1 + 2 

(
Wi 

∂u x 

∂y 

)2 

, τxy = Wi 
∂u x 

∂y 
, τyy = 1 . 

n the channel wall and cylinder surface, we impose the no-slip

oundary condition, i.e. u = 0 , and along the symmetry line, y = 0,

e impose the free slip boundary condition, i.e., 

 y = 0 , n · T (u , p, τ) = 0 , 

here n is the unit outward normal vector on the symmetric line

nd on the cylinder. To generate a triangular mesh, we use the Tri-

ngle [57,58] package, which is based on constrained Delaunay tri-

ngulation and the constraint we impose is the number of vertices
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Fig. 7. Contour plots for flow past a cylinder in a wide channel: (a) τ xx , (b) τ xy and (c) τ yy profiles at Wi = 2.45 on the mesh M3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Flow past a cylinder in a wide channel: 

characteristics of triangular meshes. 

Mesh Cells h min DOFs 

M1 15,936 0.0435 454,513 

M2 23,399 0.0323 667,362 

M3 32,702 0.0257 931,721 

o  

fl

4  

m  

m  

v  

s  

i  

n  

W  

n  

t  

p  

s  

i  

o  
on each boundary and maximum area of each cell in the com-

putational domain. Further, we specify a relatively higher num-

ber of vertices along the symmetry line and on the cylinder in

order to obtain very fine mesh to capture the high gradients in

the viscoelastic conformation stresses. The finite element spaces

for the velocity / pressure / viscoelastic conformation stress ten-

sor are chosen as P bubble 
2 

/ P disc 
1 

/ P bubble 
2 

. Further, we compute the

steady-state solution, i.e. we neglect the time derivative terms in

both the momentum and in the Oldroyd-B constitutive equations.

Traditionally, the drag force on the cylinder is used to compare the

computational results of flow past a cylinder, which is defined as

follows: 

F d = 2 

∫ 
Cylinder 

n · T (u , p, τ) · (1 , 0) T ds, (16)

where the multiplication by 2 is due to the half-domain configura-

tion. Nevertheless, the drag force over Cylinder is calculated using

volume integral formulations as described in [59] , instead of ap-

proximating the surface integral in (16) . 

4.2.1. Flow in a wide channel 

In this section, we consider a 2D planar viscoelastic flow past

a cylinder in a wide channel with R = 1, H = 8, L u = 40 and

w = 8. Table 1 presents the data of the three triangular meshes

used in this study. Further, the constants used in computations are

β = 0.59, c = 0.1, c = 0.1 and c = 0.05. We study the effects
1 2 3 
f viscoelasticity on the flow dynamics for inertial and non-inertial

ows. 

.2.1.1. Non-inertial flow. The convective velocity term in the mo-

entum equation is neglected in computations in order to bench-

ark our results with those in the literature. The computed

alues of the drag force on the cylinder with different Weis-

enberg numbers using the meshes M1, M2 and M3 are plotted

n Fig. 6 and compared with the results of Sun et al. [18] , Coro-

ado et al. [21] and Kwack et al. [26] . The maximum achievable

eissenberg number in computations is 2.45, beyond which the

umerical solutions did not converge due to the large gradients in

he viscoelastic conformation stresses. A complete overlap of drag

redictions from these three meshes is observed across all Weis-

enberg numbers. Further, an excellent agreement with the results

n the literature till Wi = 2 . 0 with a maximum relative difference

f 0.2% is obtained. Beyond Wi = 2 . 0 , the drag values are in good
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Fig. 8. Flow past a cylinder in a wide channel: (a) τ xx , (b) magnified view of τ xx , (c) τ xy and (d) τ yy along the line x = 4 on the mesh M3 and different Weissenber g 

numbers. 

Fig. 9. Flow past a cylinder in a wide channel: τ xx on the cylinder and along the 

symmetry line with various Weissenberg numbers on the mesh M3. 

Fig. 10. Flow past a cylinder in a wide channel: τ xx on the cylinder and along the 

symmetry line with Wi = 2.25 and Wi = 2.45 on different meshes M1, M2 and M3. 

Fig. 11. Flow past a cylinder in a wide channel: Dependence of (a) | u | and (b) | u | −
| u N | on Weissenberg number along x = 0. 
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Fig. 12. Flow past a cylinder in a wide channel: Drag vs Weissenberg number with 

different Reynolds numbers. 
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agreement with Sun et al. [18] and Kwack et al. [26] . However, the

results of Coronado et al. [21] under-predict the drag values be-

yond Wi = 2 . 0 , with maximum relative difference compared to our

results being 0.9% at Wi = 2 . 45 . 

Fig. 7 displays the contour plots of the components of vis-

coelastic conformation stress tensor at Wi = 2.45. Fig. 7 (a) shows

steep gradients in τ xx on top of the cylinder and in the wake

region. The gradient in τ xx increases with an increase in the

Weissenberg number. Sharp boundary layers exist in conformation

stress component τ xx in the wake region, which is the source of

breakdown in convergence of numerical simulations at high Weis-

senberg numbers. High gradient in the conformation stress com-

ponent τ xy ( Fig. 7 (b)) is observed along the circumference of the

cylinder. Further, we also observe high gradients in the conforma-

tion stress component τ yy near the stagnation points of the cylin-
Fig. 13. Flow past a cylinder in a wide channel: (a) τ xx , (b) magnified view of τ xx , (c) τ x

the mesh M3. 
er, see Fig. 7 (c). Note that the gradient of the stress component

yy is higher at the front stagnation point. 

Fig. 8 presents the line plots of the variation of components of

he viscoelastic conformation stress tensor versus the depth of the

hannel along the cross-section x = 4 for Wi = 1.0, 1.5, 2.0 and

.45. Further, our results are in excellent agreement with Coronado

t al. [21] with a maximum relative difference of 0.947%, 0.378%

nd 0.426% in τ xx , τ xy and τ yy plots, respectively. From Fig. 8 (b),

e can observe a steep gradient in the conformation stress com-

onent τ xx close to the symmetry line. Further, closer to x = 0 the

alues of τ xx increases with an increase in the Weissenberg num-

er. From Fig. 8 (c) and (d), we can observe that the Weissenberg

umber has a significant effect on τ xy and τ yy in the wake region

hroughout the depth of the channel. 

Fig. 9 shows the plot of τ xx versus s with various Weissenberg

umbers, where 0 < s < πR is defined as the perimeter of the

ylinder and in the wake along the symmetry line ( s = x + πR − R )

hen s > πR. We can observe that two peaks exist in the curves of

xx . One, on the top of the cylinder and the other in the wake re-

ion. The peaks also increase with an increase in the Weissenberg

umber. However, the effect of increase in τ xx with Weissenberg

umber is larger in the wake region than on the top of the cylin-

er. Further, we can observe that the maximum value in τ xx is

igher in the wake region when Wi � 1.75, whereas the maxi-

um value in τ xx is higher on the top of the cylinder when Wi

 1.75. This effect is due to the dominance of the viscous force

ver the elastic force, when Wi is small. At high Weissenberg num-

ers, the viscoelastic stress profiles depend on the mesh resolution

n the wake region. Fig. 10 addresses this mesh dependence for

i = 2.25 and 2.45. We can observe that with finer meshes, we

et converged solutions. 

Next, Fig. 11 (a) presents the magnitude of the velocity versus

he depth of the channel along the cross-section from the top of
y and (d) τ yy along the line x = 4 at Wi = 2 . 0 and different Reynolds numbers on 
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Fig. 14. Flow past a cylinder in a wide channel: τ xx on the cylinder and along the 

symmetry line at Wi = 2.0 and different Reynolds numbers on the mesh M3. 

Fig. 15. Flow past a cylinder in a wide channel: Dependence of (a) | u | and (b) | u | −
| u N | on Reynolds number with Wi = 2.0 along x = 0. 

Fig. 16. Flow past a cylinder in a narrow channel: Drag vs Weissenberg number 

using the three meshes M4, M5 and M6 compared with results of Hulsen et al. [36] , 

Alves et al. [35] , Fan et al. [20] and Knechtges et al. [9] . 

Fig. 17. Unstructured triangular mesh (M7) used in lid-driven cavity example. 

Fig. 18. Grid independence test for lid-driven cavity flow: evolution of average 

(a) kinetic and (b) elastic energies at Wi = 0 . 5 . 

t  

l  

N  

m  

o  

w  

W  

c

4  

i  

n  
he cylinder to the channel wall, i.e., along the line x = 0. The ve-

ocity is reduced near the cylinder in comparison to the parabolic

ewtonian flow profile, whereas the velocity increases near the

iddle region between the cylinder and the wall. The magnitude

f the effect of Weissenberg number on the velocity in comparison

ith the Newtonian velocity ( u N ) profile is plotted in Fig. 11 (b).

e can observe that the magnitude of peaks increases with an in-

rease in the Weissenberg number. 

.2.1.2. Inertial flow. In this section, we investigate the effects of

nertia on the viscoelastic fluid flow past a cylinder in a wide chan-

el. The computed drag values for Re = 0, 0.05, 0.1, 0.2, 0.5 and
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Fig. 19. Lid-driven cavity flow: Numerical solutions of the profiles of (a) kinetic energy versus time, (b) elastic energy versus time, (c) cross-section of τ xx versus x along 

y = 1 , (d) cross-section of τ yy versus x along y = 1 , (e) cross-section of u x versus y along x = 0 . 5 and (f) cross-section of u y versus x along y = 0 . 75 at different Weissenberg 

numbers. 

 

 

 

 

 

 

Table 2 

Flow past a cylinder in a wide channel: Percentage mini- 

mum/maximum relative difference in the drag values due 

to inertia. 

Re δmin (%) δmax (%) 

0.05 0.0380 0.1836 

0.1 0.1517 0.4290 

0.2 0.5999 1.1385 

0.5 3.4852 5.2288 

1.0 11.5034 16.7251 
1.0 with various Weissenberg numbers are plotted in Fig. 12 . For

a given Weissenberg number, we can observe that the drag val-

ues increase with an increase in the Reynolds number. In order to

perform a quantitative assessment of the effects of inertia on the

drag values, the minimum and maximum relative difference in the

drag values across the range of computed Weissenberg numbers

for each Reynolds number are tabulated in Table 2 using: 

δmin 

∣∣∣
Re 

= min 

Wi ∈ [0 , 2 . 45] 

∣∣∣∣∣∣∣
F d 

∣∣∣Wi 

Re 
− F d 

∣∣∣Wi 

Re =0 

F d 

∣∣∣Wi 

Re =0 

∣∣∣∣∣∣∣ × 100 % , 
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Fig. 20. Lid-driven cavity flow: Contour plots of (a) τ xx , (b) τ xy and (c) τ yy with 

Wi = 0 . 5 at the steady state. 

δ

H  

t  

a  

Fig. 21. Lid-driven cavity flow: Streamline patterns with (a) Wi = 0 . 1 , (b) Wi = 0 . 3 

and (c) Wi = 0 . 5 at the steady state. 
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∣∣∣
Re 

= max 
Wi ∈ [0 , 2 . 45] 

∣∣∣∣∣∣∣
F d 

∣∣∣Wi 

Re 
− F d 

∣∣∣Wi 

Re =0 

F d 

∣∣∣Wi 

Re =0 

∣∣∣∣∣∣∣ × 100 % . 

ere, the superscripts and subscripts over the drag force F d denote

hat the drag values are obtained with the respective Weissenberg

nd Reynolds numbers. Since the effects of inertia increases mono-
onically with an increase in the Reynolds number, δmin and δmax 

alues also increase. 

Fig. 13 presents the line plots of the variation of components

f the viscoelastic conformation stress tensor versus the depth of

he channel along the cross-section x = 4 at Wi = 2.0 with vary-

ng Reynolds number. From Fig. 13 (b), we can observe a steep gra-

ient of the conformation stress component τ xx in the vicinity of
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Fig. 22. Lid-driven cavity flow: Numerical solutions of the profiles of (a) kinetic energy versus time, (b) elastic energy versus time, (c) cross-section of τ xx versus x along 

y = 1 , (d) cross-section of τ xy versus x along y = 1 , (e) cross-section of u x versus y along x = 0 . 5 and (f) cross-section of u y versus x along y = 0 . 75 at Wi = 0 . 5 and different 

Reynolds numbers. 
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the symmetry line. Further, closer to x = 0 the values of τ xx de-

creases while increasing Reynolds number, which suggests that the

inertial forces counter the forces due to viscoelastic stresses along

the symmetry line. We can also observe that the Reynolds number

has a significant effect on τ xy closer to the symmetric line and the

channel wall. However, the effects of Reynolds number on τ yy are

observed in the middle region between the symmetric line and the

channel wall. 

Fig. 14 shows the variation of τ xx over the surface of the cylin-

der and over the wake region of the channel at Wi = 2.0 and

different Reynolds numbers. The values of τ xx decreases with an

increase in the Reynolds number. Nevertheless, the decrease at

the top of the cylinder is very less. However, τ xx values decrease

strongly in the wake region of the cylinder with an increase in

the Reynolds number. Further, we can observe that τ xx values are

higher in the wake region when Re � 0.2 and higher on top of the

cylinder when Re � 0.2. 
Oscillations in the computed values of the conformation

tresses are observed in the wake region of the flow at low

eynolds numbers, see Fig. 14 . It could be due to a non-optimal

hoice of the stabilization parameter or due to failure of the low

rder basis functions to capture exponentially growing stress pro-

les. Identifying an optimal choice of local stabilization param-

ter is very challenging. Further, the oscillations could be sup-

ressed by improving the proposed numerical scheme using the

og-conformation representation of the conformation tensor [8,9] . 

Fig. 15 (a) presents the magnitude of velocity versus the depth

f the channel along the cross-section from top of the cylinder to

he channel wall, i.e., along the line x = 0 with Wi = 2.0 and dif-

erent values of Reynolds numbers. The velocity is reduced near

he cylinder in comparison to the parabolic Newtonian flow pro-

le, whereas the velocity increases in the middle region between

he cylinder and the wall. The magnitude of the effects of Reynolds

umber on the velocity in comparison with the Newtonian flow
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Fig. 23. Lid-driven cavity flow: Streamline patterns with Wi = 0 . 5 and (a) Re = 0 , 

(b) Re = 25 and (c) Re = 50 at the steady state. 
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Table 3 

Flow past a cylinder in a narrow channel: 

characteristics of triangular meshes. 

Mesh Cells h min DOFs 

M4 18,750 0.0127 534,175 

M5 25,162 0.0106 715,461 

M6 33,104 0.0079 941,347 
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rofile is plotted in Fig. 15 (b). We can observe that the magnitude

f peaks increases with an increase in the Reynolds number. 

.2.2. Flow in a narrow channel 

In this section, we consider a 2D planar viscoelastic flow past

 cylinder in a narrow channel with R = 1, H = 2, L u = 15 and

 = 2. Table 3 presents the data of the three triangular meshes
sed in this study. Further, the constants used in computations are

= 0.59, c 1 = 0.01, c 2 = 0.005 and c 3 = 0.005. The convective

elocity term in the momentum equation is neglected in compu-

ations in order to benchmark our results with those in the litera-

ure. The computed values of the drag force on the cylinder with

ifferent Weissenber g numbers using the meshes M4, M5 and M6

re plotted in Fig. 16 and compared with the results of Hulsen

t al. [36] , Alves et al. [35] , Fan et al. [20] and Knechtges et al. [9] .

he maximum achievable Weissenberg number in computations is

.9, beyond which the numerical solutions did not converge due

o the large gradients in the viscoelastic conformation stresses. A

omplete overlap of drag predictions from these three meshes is

bserved across all Weissenberg numbers till Wi = 0.8. Further,

xcellent agreement with the results in the literature with a max-

mum relative difference of 0.112% is obtained. 

.3. Lid-driven cavity flow 

In this section, we consider the flow of an Oldroyd-B fluid in

 lid-driven cavity, which is one of the standard test problems for

alidation of numerical schemes for computations of viscoelastic

uid flows [8,37–42] . The fluid is confined in a unit square [0, 1] 2 

omain, bounded by solid walls with the top boundary moving to

he right. Unlike Newtonian fluids, viscoelastic fluids cannot sus-

ain deformations near the upper corners and therefore the mo-

ion of the lid needs to be regularized such that ∇u vanishes at

he corners [8] . Accordingly, the velocity of the lid is taken as: 

 x (x, t) = 8[1 + tanh (8(t − 0 . 5))] x 2 (1 − x ) 
2 
, u y (x, t) = 0 . 

his choice of velocity provides a smooth start and for t > 0.5, the

id velocity attains its maximum u = (1 , 0) T at the middle, x = 0 . 5

f the top boundary. On all other walls, we impose the no-slip

oundary condition for the velocity. Further, the initial condition

or the velocity is taken as u = (0 , 0) T and for the conformation

tress we impose τ = I . The dimensionless constants used in com-

utations are β = 0.5, c 1 = 0.1, c 2 = 0.1 and c 3 = 0.05. Further, the

nite element spaces for velocity / pressure / conformation stress

ensor are P bubble 
2 

/ P disc 
1 

/ P bubble 
2 

. To quantitatively analyze the rheo-

ogical behaviour of Oldroyd-B fluids, the average kinetic and elas-

ic energies are calculated as follows [38] : 

 kinetic (t) = 

1 

2 

∫ 
�

| u (x , t) | 2 dx, 

E elastic (t) = 

∫ 
�

t r( τ(x , t )) dx, 

here tr denotes the trace of the tensor. 

.3.1. Grid independence test 

The unit square domain is decomposed into unstructured tri-

ngular grids using the mesh generator Triangle [57,58] . In order

o identify a grid that provides a grid independent solution, we

onsider five different meshes of varying mesh sizes. The charac-

eristics of these meshes are tabulated in Table 4 . Fig. 17 depicts

he schematic representation of the mesh M7. It has to be noted

hat we use an adaptive mesh with more cells near the bound-

ries of the cavity. We consider the average kinetic and elastic

nergies to study the mesh influence on the numerical solutions.
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Table 4 

Lid-driven Cavity flow: characteristics of tri- 

angular meshes. 

Mesh Cells h min DOFs 

M7 9514 0.00667 269,397 

M8 10,700 0.005 303,605 

M9 11,880 0.004 337,645 

M10 12,968 0.00333 369,109 

M11 14,016 0.002857 399,453 

Table 5 

Grid independence test for lid-driven cav- 

ity flow: Minimum value of stream function 

and its corresponding location at Wi = 0 . 5 . 

Mesh ψ min x min y min 

M7 −0.0697545 0.467 0.795 

M8 −0.0697624 0.468 0.797 

M9 −0.0697696 0.469 0.797 

M10 −0.0697718 0.470 0.798 

M11 −0.0697739 0.470 0.798 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 6 

Lid-driven Cavity flow: Comparison of minimum value of 

stream function and its corresponding location with the 

results in the literature for Wi = 0.5. 

Reference ψ min x min y min 

Current work - M11 −0.0697739 0.470 0.798 

Pan et. al. [38] −0.070 0 056 0.469 0.798 

Sousa et. al. [39] −0.0697781 0.467 0.801 

Castillo et. al. [37] - 0.470 0.800 

Zhou et. al. [41] - 0.468 0.798 
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The time step length is set as δt = 0 . 002 and the computations

are performed till t = 15 , by which the flow becomes steady state.

Fig. 18 depicts the convergence behaviour of the kinetic and elas-

tic energies with different meshes for Wi = 0 . 5 . We can observe

that the flow variables gradually tend to a grid independent value

when the mesh becomes finer. In particular, the numerical results

obtained with the mesh M10 is quite close to those obtained with

the mesh M11, which shows the grid independence of the numer-

ical solution. Further, Table 5 lists the mesh dependence of the

minimum value of the stream function and its corresponding lo-

cation at Wi = 0 . 5 . We can observe the numerical solutions to be

grid independent when the mesh becomes fine. In order to have a

fine balance between the computational cost and the accuracy, all

numerical results in the following sections are obtained with the

mesh M10. 

4.3.2. Non-inertial flow 

In this section, we study the viscoelastic flow in a lid-driven

cavity without the effects of inertia for various Weissenberg num-

bers to benchmark our results with those in the literature, i.e.

the convective velocity term in the momentum equation is ne-

glected. Figs. 19 (a) and 19 (b) show the history of the average ki-

netic and elastic energies, respectively at different Weissenberg

numbers. The kinetic energy grows as the lid accelerates, reaches

a maximum at the end of acceleration and then decreases towards

a steady value as the elastic energy builds up. Further, we observe

that the magnitude of kinetic energy at steady state decreases with

an increase in the Weissenberg number. However, Weissenberg

number has no effect on the maximum value of the kinetic en-

ergy. Furthermore, the elastic energy at steady state increases sig-

nificantly by increasing the Weissenberg number. 

Figs. 19 (c) and 19 (d) show the steady state solution of τ xx and

τ yy , respectively, versus the length of the cavity along the cross-

section y = 1 . 0 . We can observe that the maximum value of τ xx 

increases significantly when increasing the Weissenberg number.

Similarly, the maximum value of τ yy increases significantly with

an increase in the Weissenberg number. Further, its location is in

the close vicinity of the upper downstream corner leading to sharp

boundary layers. Steady state numerical solution of the horizon-

tal velocity component u x along the cross-section line x = 0 . 5 is

shown in Fig. 19 (e). As the Weissenberg number increases, the

minimum value of the horizontal velocity component decreases

in magnitude and its location moves closer to the lid. Fig. 19 (f)

displays the numerical solution of vertical velocity component u y 
along the cross-section line y = 0 . 75 . The extreme values of vertical
elocity component decreases with an increase in the Weissenberg

umber. 

The contour plots of the three components of the viscoelastic

onformation stress at the steady state with Wi = 0 . 5 are depicted

n Fig. 20 . We can observe that τ xx has a thin boundary layer along

he lid, whereas τ xy and τ yy have high gradient near the upper

ownstream corner. Further, Fig. 21 displays the streamline pat-

erns with Wi = 0.1, 0.3 and 0.5 at the steady state. The lid-driven

avity flow problem without inertia leads to a symmetrical hori-

ontal location of the vortex for a Newtonian fluid. However, due

o the presence of elastic effects in viscoelastic fluid, this symmetry

s progressively broken. The large normal stresses that are gener-

ted in the viscoelastic fluid as Weissenberg number increases are

dvected into the downstream direction leading to an increase in

he flow resistance. To compensate this effect, the eye of the recir-

ulation region progressively shifts towards the upstream direction,

ee Fig. 21 , thus breaking the symmetry observed with Newtonian

uids. This effect is in accordance with the experimental obser-

ations in the literature [60] . Table 6 lists the minimum value of

tream function and its corresponding location for Wi = 0 . 5 . We

an observe that our results agree well with those in the litera-

ure [37–39,41] . 

.3.3. Inertial flows 

In this section we study the effects of inertia (by varying the

eynolds number) on the flow of viscoelastic fluids in the lid-

riven cavity at Wi = 0.5. We consider the following five variants:

i) Re = 0 , (ii) Re = 5 , (iii) Re = 10 , (iv) Re = 25 and (v) Re = 50 .

igs. 22 (a) and 22 (b) show the transient evolution of the average

inetic and elastic energies, respectively. We can observe that the

inetic and elastic energies at the steady state decreases with an

ncrease in the Reynolds number. Figs. 22 (c) and 22 (d) show the

teady state solution of τ xx and τ xy , respectively, versus the length

f the cavity along the cross-section line y = 1 . 0 . We can observe

hat the peak values of τ xx and τ xy decrease with an increase in

he Reynolds number. Steady state numerical solution of the hori-

ontal velocity component u x along the cross-section line x = 0.5

s shown in Fig. 22 (e). As the Reynolds number increases, the mini-

um value of the magnitude of horizontal velocity component de-

reases and its location moves closer to the lid. Fig. 22 (f) displays

he numerical solution of the vertical velocity component u y along

he cross-section line y = 0.75. The extreme values of the verti-

al velocity component decreases with an increase in the Reynolds

umber. Fig. 23 depicts the streamline patterns for Re = 0, Re = 25

nd Re = 50. We can observe that the eye of the recirculation re-

ion progressively shifts towards the downstream direction when

he Reynolds number is increased, which is exactly the opposite

o what we had observed when the Weissenberg number was in-

reased in non-inertial flows. 

. Summary 

A three-field local projection stabilized formulation for finite el-

ment computations of Oldroyd-B viscoelastic fluid flows at high

eissenberg numbers is presented. One-level LPS scheme based on
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nriched approximation space and discontinuous projection space

s used in the stabilized formulation. Proposed scheme is com-

utationally efficient compared to the residual based stabilization

chemes, and allows to use equal order interpolations for the ve-

ocity and the viscoelastic stress. The coupled system of Navier–

tokes and Oldroyd-B viscoelastic constitutive equations are solved

n a monolithic approach. Numerical results displayed optimal con-

ergence rates in the norms considered, showing the robustness

f the stabilized scheme. The numerical scheme is validated us-

ng two benchmark problems: flow past a cylinder in a rectangular

hannel and lid-driven cavity flow. Further, the effects of elasticity

nd inertia are analyzed for benchmark problems. The comparison

f numerical results with the results in the literature demonstrates

hat the one-level local projection stabilized formulation is on par

ith the state-of-the-art methods for computing viscoelastic fluid

ows at high Weissenberg numbers. 
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