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a b s t r a c t
A temperature-dependent dynamic contact angle as a function of temperature-dependent surface tension
and reference equilibrium contact angle is proposed for modeling of moving contact line ﬂows, in particular, for computations of liquid droplet impingement on a hot solid substrate. The ﬂuid ﬂow in the liquid
droplet is described by the time-dependent incompressible Navier–Stokes equations, whereas the heat
transfer in the liquid droplet and in the solid substrate is described by the energy equation. The arbitrary
Lagrangian–Eulerian (ALE) approach together with the ﬁnite element method is used to solve the governing equations in a time-dependent domain. Further, the Marangoni effects are incorporated into the
model without evaluating the tangential derivatives of the temperature on the free surface. The effects of
temperature-dependent contact angle on the ﬂow dynamics of the droplet and on the heat transfer from
the solid substrate into the liquid droplet are studied for different Reynolds numbers, Weber numbers,
solid phase Peclet numbers, solid phase initial temperatures and reference equilibrium contact angles.
Numerical studies show that the inﬂuence of the temperature-dependent contact angle is negligible in
partially wetting droplets, whereas the effects on the wetting diameter and on the total heat transfer are
10.79% and 7.36% respectively in the considered highly wetting and non–wetting droplets.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Understanding the physics involved in cooling and/or temperature regulations of solid substrates using sprays are of fundamental importance in a wide variety of industrial applications such as
fuel injection, thin ﬁlm coating, spray cooling, internal combustion engines, micro/nano material fabrication, etc. Most of these
applications involve heat transfer and their computations are of
particular scientiﬁc interest. Modeling of the heat transfer mechanism involved in the process of a liquid droplet impinging on a
hot solid substrate is very complex. Tracking/capturing the moving
boundaries and incorporating the dynamic contact angle are the
main challenges in the modeling. Further, an accurate approximation of the curvature, precise inclusion of the Marangoni and surface forces and handling the jumps in the liquid and solid material
parameters make the computations more challenging.
Apart from all these challenges, handling the moving contact
line is one of the main challenges in moving contact line ﬂows
(Ganesan, 2013; Ren and Weinan E, 2007; Sui et al., 2014). The
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choice of an appropriate boundary condition on the liquid-solid interface and a dynamic contact angle are the two challenges associated with the modeling of moving contact line ﬂows. The use of
the classical no-slip boundary condition on the liquid-solid interface induces an unbounded stress singularity at the moving contact line, where the liquid, solid and gas phases intersect. Several
approaches have been proposed in the literature to alleviate this
singularity, see for example, Behr and Abraham (2002); Eggers and
Stone (2004); Hocking (1977). Among all, the Navier-slip boundary condition has been widely accepted to ease the singularity at
the moving contact line. Nevertheless, the main challenge in using the Navier-slip boundary condition is the choice of the slip
coeﬃcient. The slip coeﬃcient is often determined by comparing
computationally obtained wetting diameter with experimental results (Ganesan, 2013; Ganesan et al., 2014). A number of expressions have been proposed for the slip coeﬃcient, see for example,
Cox (1986); Dussan V (1976); Hocking (1977) for different moving
contact line problems. Recently, a mesh-dependent slip relation for
impinging droplets has been proposed in Venkatesan and Ganesan
(2015), and we use it in this work.
The contact angle is an important property of a liquid droplet
that is determined by the interfacial tensions between the liquid,
solid and gas phases. It deviates from its thermodynamic equilibrium value when the droplet spreads and recoils. In addition,
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Nomenclature

αF
β
F
N
S
γˆ
δt
ζ
θd
θere f
K

λF
λS
μ
νF
νS
νζ
ρ
ρS
σ
σ sg
σ sl
σ ref
τF
τS

F
S
D
I
S

∇

id
C1
tr
Bi
Fr
PeF
PeS
Re
We
cFp
cSp
T∞
TF
TG
Tref
TS
d0
d/d0
uimp
g
p
q
t
I
L

convection heat transfer coeﬃcient on liquid-gas interface
slip number
free surface
non-wetting part of the solid phase
liquid–solid interface
surface tension factor
time step length
contact line
dynamic contact angle
reference equilibrium contact angle
curvature
thermal conductivity of ﬂuid
thermal conductivity of solid
dynamic viscosity of ﬂuid
unit outward normal vector on free surface
unit outward normal vector on liquid–solid interface
co–normal vector at the contact line
density of ﬂuid
density of solid
liquid–gas surface tension
solid–gas surface tension
solid–liquid surface tension
reference surface tension
unit tangential vector on free surface
unit tangential vector on liquid–solid interface
computational domain for energy equation
ﬂuid domain
solid domain
deformation tensor of ﬂuid velocity
identity tensor
stress tensor of ﬂuid
tangential gradient operator on the free surface
tensor product
identity mapping
negative rate of change of surface tension with temperature
trace
Biot number
Froude number
ﬂuid Peclet number
solid Peclet number
Reynolds number
Weber number
speciﬁc heat of ﬂuid
speciﬁc heat of solid
temperature in surrounding gas
temperature in ﬂuid
temperature at solid–gas interface
reference temperature
temperature in solid
initial droplet diameter
dimensionless wetting diameter
impact speed of droplet
gravitational constant
pressure
pressure space test function
time
given end time
characteristic length

Q
U
V
e
n
u
v
w

pressure space
characteristic velocity
velocity space
unit vector in the direction opposite to gravitational
force
unit outward normal on non-wetting part of solid
phase
ﬂuid velocity
Velocity space test function
domain velocity

several experimental studies on the inﬂuence of the temperature
on the contact angle have been reported in the literature, see for
example, Adamson (1973); Bernardin et al. (1997); Chandra et al.
(1996); Neumann (1974); Neumann et al. (1971); Petke and Ray
(1969); de Ruijter et al. (1998); Schonhorn (1966); Steinke (2001).
For instance, two distinct temperature regimes for the static advancing contact angle of water on an aluminium surface have been
observed in Bernardin et al. (1997). A relatively constant contact
angle of 90° has been observed for temperatures less than 120°C,
whereas a fairly linear decrease in the contact angle is observed
for temperatures above 120°C. Next, the inﬂuence of the temperature on contact angles at low temperatures (5◦ − 100◦ C) has
been investigated in Adamson (1973); Neumann (1974); Neumann
et al. (1971). It has been reported in these studies that |∂ θ /∂ T | ≈
0.1deg K−1 . Further, the inﬂuence of the temperature on the contact angle for water and several other liquids on six polymeric
solids has been studied in Petke and Ray (1969). The authors have
found that the value of |∂ θ /∂ T| varies between 0.03 deg K−1 and
0.18 deg K−1 for the temperature range 5◦ − 100◦ C. Since the ﬂow
dynamics of the droplet directly depends on the contact angle, it
is essential to use a temperature-dependent dynamic contact angle
model to accurately capture the ﬂow dynamics during the spreading and recoiling.
A considerable number of numerical studies for a liquid droplet
impinging on a hot solid surface using the Volume–of–ﬂuid
method have been reported in the literature (Briones et al., 2010;
Ghafouri-Azar et al., 2003; Harvie and Fletcher, 2001; Putnam
et al., 2012; Strotos et al., 2008). Numerical studies using the Level
set method (Y. Ge, 20 05; 20 06), the Immersed Boundary method
(Francois and Shyy, 20 03a; 20 03b) and the Lagrangian method
(Z. Zhao, 1996) have also been reported in the literature. Further,
computations using the ALE approach for a liquid droplet impinging on a hot solid substrate have been presented in Ganesan et al.
(2014); 2015). In all these numerical studies the contact angle,
which is independent of temperature, have been considered. Recently, a dynamic contact angle model that depends on surfactants
has been proposed in Ganesan (2015); M.-C. Lai and Huang (2010).
However, to the best of the authors’ knowledge, a temperaturedependent dynamic contact angle for computations of droplet impingement on a hot solid substrate has not been used in the literature.
In this paper, a temperature-dependent dynamic contact angle using the Young’s law which is a function of temperaturedependent surface tension and reference equilibrium contact angle is proposed. Further, the effects of temperature-dependent dynamic contact angle on the ﬂow dynamics of the droplet are
studied by comparing the results with temperature-independent
contact angle model (Ganesan et al., 2014; 2015). We use the
sharp interface ALE ﬁnite element approach for computations of
a non-isothermal liquid droplet impinging on a hot solid substrate. The inclusion of the contact angle is straightforward in interface resolved numerical schemes and explained in Ganesan et al.
(2014). However, the choice of an appropriate contact angle in
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substrate is described by the energy equation. Detailed description of the mathematical model and the numerical scheme used in
this paper have been presented in Ganesan et al. (2014), whereas a
brief description of the model and the numerical scheme are presented here. Let
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Fig. 1. Model of an impinging droplet on a hot solid substrate.

computations is very challenging, and the choice of the equilibrium
values for shape interface schemes has been proposed in Ganesan
(2013). Further, the Marangoni convection is included in the variational form of the Navier–Stokes equations without evaluating the
tangential derivatives of the surface tension.
The paper is organized as follows. Section 2 presents an
overview of the model, the governing equations for the ﬂuid ﬂow
and the heat transfer in the liquid and solid phases and the contact angle models. Section 3 presents a brief overview of the numerical scheme used, in particular, the weak form of the governing equations, ﬁnite element discretization and the ALE approach.
Section 4 is concerned with the parametric study for different
Reynolds numbers, Weber numbers, Peclet numbers, solid phase
initial temperatures and equilibrium contact angles demonstrating
the effect of temperature-dependent contact angle on the ﬂow dynamics of the droplet and on the heat transfer from the solid substrate into the liquid droplet. Finally, a summary based on our observations is provided in Section 5.
2. Mathematical model
2.1. Model problem
A non–isothermal liquid droplet impinging on a hot solid substrate is considered. The computation starts when the droplet
comes into contact with the solid substrate, and continued for a
prescribed time or until the droplet attains its equilibrium state.
Fig. 1 shows the schematic representation of the computational
model. Here, F and S represent the ﬂuid and solid domains,  S
and  F represent the liquid-solid and the liquid-gas (free surface)
interfaces, respectively. Further, τ F and ν F are the unit tangential
and unit outward normal vectors on  F and τ S and ν S are the unit
tangential and unit outward normal vectors on  S . Moreover, θ d is
the dynamic contact angle of the droplet,  N is the non-wetting
part of the solid and n is the unit outward normal vector on  N .
2.2. Governing equations
Let F ⊂ R3 and S ⊂ R3 be the ﬂuid and solid domains, respectively. We assume that the liquid is incompressible and the
material properties (density, viscosity, thermal conductivity and
speciﬁc heat) are constants in both the liquid and solid substrate.
In addition, we assume that there is no rapid evaporation or Leidenfrost phenomenon. The ﬂuid ﬂow in the liquid droplet is described by the time-dependent incompressible Navier-Stokes equations and the heat transfer in the moving droplet and in the solid

be the dimensionless length x, ﬂuid velocity u, domain velocity w,
time t, given end time I, pressure p and temperature T, respectively. Moreover, the tilde over the variables indicate its dimensional form. Here, L and U are characteristic length and velocity
scales, ρ the density of the ﬂuid, T∞ the temperature of the surrounding gas and Tref is a given reference temperature at which
the surface tension is σ ref , that satisﬁes the relation for the surface
tension

σ (
TF ) = σre f − C1 (
TF − Tre f ).
Here, 
TF is the dimensional temperature on the free surface and
C1 > 0 is the negative rate of change of surface tension with respect to the temperature. Further, we deﬁne the dimensionless
numbers (Reynolds, Weber, Froude and slip, respectively)

Re =

ρUL
ρU 2 L
U2
1
, We =
, Fr =
, β =
,
μ
σre f
Lg
μ ρU

where μ is the viscosity of the ﬂuid, g is the acceleration due to
gravity and  μ is the slip coeﬃcient in the Navier-slip with friction
boundary condition.
The ﬂow dynamics in the scaled domain is then described by
the dimensionless time-dependent incompressible Navier-Stokes
equations

∂u
1
+ (u · ∇ )u − ∇ · S(u, p) = e in F (t ) × (0, I ),
∂t
Fr

(1)

∇ · u = 0 in F (t ) × (0, I ),

(2)

where (1) is the momentum balance equation and (2) is the mass
balance equation for the ﬂuid. Here, e is the unit vector in the direction opposite to the gravitational force. The dimensionless stress
tensor S(u, p) and the deformation tensor D(u ) for the incompressible Newtonian ﬂuid are given by

S ( u, p ) =

2
D(u ) − pI,
Re

D (u ) =


1
∇ u + ∇ uT .
2

Here, I is the identity tensor. The Navier-Stokes equations are
closed with the initial and boundary conditions. At time t = 0, we
assume that the droplet is of spherical shape with diameter d0 and
the initial condition

u(·, 0 ) = u0 /U,
where u0 = (0,0,-uimp ), is the initial velocity and uimp is the impinging speed of the droplet. On the liquid-solid interface, the Navier–
slip boundary condition

u · νS = 0
τS · S(u, p) · νS = − β u · τS

on
on

S (t ) × (0, I )
S (t ) × (0, I )

(3)

is imposed. The ﬁrst condition is the no penetration boundary condition, i.e., the ﬂuid cannot penetrate an impermeable solid and
thus the normal component of the ﬂuid velocity is zero. The second condition is the slip with friction boundary condition, i.e., on
the liquid-solid interface, the tangential stress is proportional to
tangential velocity of the ﬂuid. On the free surface, the kinematic
boundary condition

u · νF = w · νF

on F (t ) × (0, I )
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holds, i.e., the normal component of the ﬂuid velocity on the free
surface is equal to the normal component of free surface velocity.
Further, the force balancing condition



1
∇ · γˆ
We

S(u, p) · νF =

∇ id



on

F (t ) × (0, I )

(4)



∇ · γˆ ∇ id = ∇ γˆ − γˆ Kν1 ,
where K is the sum of the principle curvatures, see Ganesan
(2015) for the derivation of the above relation. Using the relation
(4) instead of the standard relation, the calculation of ∇ γˆ and
the handling of the curvature K are avoided (Ganesan et al., 2015).
Here, id is an identity mapping and ∇ is the tangential gradient
operator on the free surface. For instance, the tangential gradient
of a scalar ﬁeld φ and the tangential divergence of a vector ﬁeld v
are deﬁned by

∇ φ = (I − νF  νF )φ ,

∇ · v = tr (∇ v ).

Here,  and tr refer to the tensor product and trace respectively.
The dimensionless form of the temperature-dependent surface tension which induces the Marangoni convection is given by

σ (TF ) = σre f γˆ (TF ), γˆ (TF ) = 1 −

C1

σre f

( TF − 1 ) .

(5)

Next, the temperature distribution in the liquid droplet and in
the solid substrate is described by the dimensionless energy equations

1
∂ TF
+ u · ∇ TF −
T F = 0
∂t
PeF
1
∂ TS
−
T S = 0
∂t
PeS

in F (t ) × (0, I ),

in S (t ) × (0, I ),

TF (x, 0 ) =

TF,0 − T∞
Tre f − T∞

in F (0 ),

TS (x, 0 ) =

TS,0 − T∞
Tre f − T∞

in S (0 ).

∂ TF
= Bi TF on F (t ) × (0, I ).
∂νF

on N (t ) × (0, I ).

(8)

(9)

PeF =

λF

,

PeS =

LUcSp ρS

λS

FY = σresgf − σresl f − σre f cos θd = σre f (cos θere f − cos θd ),
at the contact line since θd = θe . Thus we have

Here, θe is the equilibrium contact angle of the droplet for the
given reference temperature Tref . At the equilibrium position, the
unbalanced Young’s force has to be zero, and hence we impose
FY = 0 in the model. It results in

θd = θere f ,

(12)

which is independent of the temperature. The choice of equilibrium value in computations does not mean that the dynamic contact angle is ﬁxed to the equilibrium value during the computations. Nevertheless, the surface force at the contact line becomes
unbalanced due to the imposed condition FY = 0, and it gets translated into kinetic energy that induces the slip velocity. Consequently, the slip velocity drives the contact line into the equilibrium position, eventually, the dynamic contact angle attains the
prescribed equilibrium value at the equilibrium position. Thus, it
is necessary to allow the liquid to slip in the vicinity of the contact line, and it is another justiﬁcation for the choice of Navier–slip
boundary condition on the liquid-solid interface.
In thermodynamic equilibrium state, the Young’s Eq. (11) holds
true. However, a nonuniform distribution of temperature on the interfaces induces an unbalanced force

FY = σ sg (TG ) − σ sl (TS ) − σ (TF ) cos θd ,
(10)

Further, the dimensionless (ﬂuid Peclet, solid Peclet and Biot) numbers are given by

LUcFp ρ

In general, the contact angle θ in the Young’s Eq. (11) is referred
to as static or equilibrium contact angle. At the equilibrium state,
the equilibrium contact angle is unique for the considered gas, liquid and solid material phases. However, the contact angle deviates
from the equilibrium values when the contact line moves, and the
difference between the advancing and receding contact angles is
referred to as the contact angle hysteresis. The contact angle that
incorporated this hysteresis behaviour is called the dynamic contact angle.
The choice of a contact angle in computations is itself a topic
of research, and several contact angle models incorporating the
contact line velocity are proposed in the literature, see Ganesan
(2013) for a comparative study of different models. Two contact
angle models, one with independent of temperature and another
as a function of temperature, are considered in this study. During the droplet deformation, the dynamic contact angle deviates
from the equilibrium value. It induces an unbalanced Young force
(Gennes, 1985),

M1:

On  N (t), we impose the adiabatic boundary condition

∂ TS
=0
∂n

(11)

re f

(7)

On the liquid-solid interface, the temperature and heat ﬂux are
assumed to be continuous, and we impose the transition conditions

on S (t ) × (0, I ).

σ sg − σ sl
·
σ

σre f cos θere f = σre f cos θd + FY .

Here, TF, 0 and TS, 0 denote the initial temperatures in the ﬂuid and
solid phases, respectively. The boundary condition for the temperature on the free surface is given by

∂ TF
λS ∂ TS
=−
∂νF
λF ∂νS

In thermodynamic equilibrium state, the contact angle is related to the interfacial tensions of the free surface σ , solid-liquid
σ sl and the solid-gas σ sg through the Young’s equation

re f

(6)

with the initial conditions

TF = TS ,

2.3. Temperature–dependent equilibrium contact angle

cos(θ ) =

is imposed. Note that

−

[m5G;October 19, 2016;19:47]

αF L
, Bi =
,
λF

where λF , λS the thermal conductivities, ρ , ρ S the densities, cFp , cSp
the speciﬁc heat of the ﬂuid and the solid phases. Further, α F is
the convection heat transfer coeﬃcient on the free surface.

where TG is the temperature on the solid-gas interface. Imposing the zero unbalanced force, FY = 0, as before, results in the
temperature-dependent dynamic contact angle



θd = cos−1


σ sg (TG ) − σ sl (TS )
.
σ ( TF )

Since σ sg (TG ) and σ sl (TS ) are seldom available, the above relation
cannot be used in computations. Nevertheless, on the application
of the relation (5) with the assumption that the rate of change of
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both σ sg (TG ) and σ sl (TS ) with respect to the temperature are same
and TF = TG = TS at the contact line, we get



M2:

θd (TF ) = cos

−1



cos θere f
γˆ (TF )

.

(13)

Similarly, after applying the force balancing condition (4), the integral over the free surface  F (t) becomes
F (t )

1
γˆ (TF )∇ id : ∇ v dγF
We F (t )
1
+
γˆ (TF )νζ · v dζ .
(15)
We ζ (t )

v · S(u, p) · νF dγF = −

Suppose T˜ F < Tre f , then γˆ (TF ) > 1. Hence, the dynamic contact angle, θ d , increases with temperature for wetting droplets (θe <
90◦ ), and decreases with temperature for non-wetting droplets
re f
(θe > 90◦ ). Conversely, if T˜ F > Tre f , then γˆ (TF ) < 1 and hence,
the dynamic contact angle decreases with temperature for wetting droplets and increases for non-wetting droplets. It can also be
noted that the temperature has no effect on the dynamic contact
re f
angle when θe = 90°.
re f

3. Numerical scheme
The ﬁnite element scheme using the ALE approach proposed in
Ganesan et al. (2014) is used in this work with different contact
angle models. We recall the key parts in the numerical scheme,
whereas the reader is referred to Ganesan et al. (2014) for a detailed description of the numerical scheme.

3.1. Weak formulation
Let L2 ((t)), H1 ((t)) and ( ·, ·)(t) be the standard Sobolev
spaces and the inner product in L2 ((t)) and its vector-valued versions, respectively. Further, we deﬁne the velocity and pressure
spaces as





V := v ∈ H 1 (F (t ))3 : v · νS = 0 on S (t ) ,

∇ ·S(u, p) · v dx +
=

1
1
γˆ (TF )νζ · v dζ =
γˆ (TF )(νζ · τi,S )(v · τi,S ) dζ
We ζ (t )
We ζ (t )
1
=
γˆ (TF )cos(θd )(v · τi,S ) dζ .
We ζ (t )
In the above derivation, we used the relation νζ · τi,S = cos(θd ).
This technique of inclusion of contact angle in the integral over
the contact line (Ganesan, 2015; Ganesan et al., 2015) is different from the Laplace-Beltrami operator technique used in Ganesan
(2013); Ganesan et al. (2014); Ganesan and Tobiska (2008). Further, the Marangoni effects are incorporated into the numerical
scheme without evaluating the tangential gradient of the surface
tension (Ganesan, 2015; Ganesan et al., 2015). After imposing all
the boundary conditions, the variational form of the Navier–Stokes
Eqs. (1) and (2) read:
For given θ d , u0 and F (0), ﬁnd (u, p) ∈ V × Q such that



∂u
,v
∂t

∂ F (t )

v · S ( u, p ) · ν d γ

2
D(u ) : D(v ) dx −
p∇ · v dx.
Re F (t )
F (t )

b(q, v ) =

v · S(u, p) · νS dγS +

v · S(u, p) · νF dγF .

(v · τi,S )τi,S on S ,

f (v ) =

f (v ) =
(14)

i=1

and using the Navier-slip boundary condition (3), the integral over
liquid-solid interface  S (t) becomes

v · S(u, p)·νS dγS = −β

S (t )

2
i=1

S (t )

(u · τi,S )(v · τi,S ) dγS .

S (t ) i=1

(u · τi,S )(v · τi,S ) dγS ,

q ∇ · v dx,

1
1
e · v dx −
γˆ (TF )∇ id : ∇ v dγF
Fr F (t )
We F (t )
1
+
γˆ (TF ) cos(θd ) v · τS dζ .
We ζ (t )

1
1
e · v dx −
γˆ (TF )∇ id : ∇ v dγF
Fr F
We F (t )
 
1
+
γˆ (TF ) cos θere f v · τS dζ ,
We ζ (t )

with the M1 model (12) and becomes

F (t )

Then using the orthonormal decomposition
2

F (t )

2

Using the variants of contact angle, the source term f becomes

v · S ( u, p ) · ν d γ

S (t )

(16)

2
ˆ · ∇ )u · v dx
D (u ) : D (v ) + ( u
Re
F (t )
+ β

∂ F (t )

v = ( v · νS ) νS +

+ a(u; u, v ) − b( p, v ) + b(q, u ) = f (v )
F (t )

f (v ) =

We now split the boundary integral into integrals over  S (t) and
 F (t) as

=



ˆ ; u, v ) =
a (u

Here, the velocity space is chosen in such a way that the no penetration boundary condition u · νS = 0 on the liquid-solid interface
 S (t) is incorporated in both the ansatz and test spaces. Now we
multiply the momentum (1) and mass balance Eq. (2) by test functions v ∈ V and q ∈ Q, respectively, and integrate over F (t). By
applying the Gaussian theorem for the stress tensor, we get

F (t )

Here, ζ (t) is the contact line and νζ is the co–normal vector at
the contact line. In the second term of Eq. (15), we decompose the
test function as in (14) and use the fact that v · νS = 0 on  S (t),
to get

for all (v, q) ∈ V × Q, where

Q := L2 (F (t )).

−

5

1
1
e · v dx −
γˆ (TF )∇ id : ∇ v dγF
Fr F
We F (t )
 
1
+
cos θere f v · τS dζ ,
We ζ (t )

with the M2 model (13). Note that the factor γˆ (TF ) in the contact
line integral is not in the M2 model, and in both models, only the
re f
equilibrium contact angle value at the reference temperature, θe ,
is needed in computations.
The weak form of the energy Eq. (6) is obtained by multiplying it with a test function ψ F ∈ H1 (F (t)). Then applying integration by parts, subsequently incorporating the boundary condition
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on the free surface (8) and transition conditions (9) on the liquidsolid interface, we get

w

F (t )

∂ TF
ψ dx +
∂t F

(u · ∇ )TF ψF dx

F (t )

1
Bi
∇ TF · ∇ψF dx +
TF
PeF F (t )
Pe
F
F (t )
1 λS
∂ TS
=−
ψF dγF .
PeF λF S (t ) ∂νS
+

ψF dγF
(17)

Similarly the weak form of the energy Eq. (7) is obtained by
multiplying it with a test function ψ S ∈ H1 (S (t)). Then applying integration by parts, subsequently incorporating the transition
conditions (9) on the liquid-solid interface and adiabatic condition (10) on  N (t), we get

∂ TS
1
ψ dx +
∇ TS · ∇ψS dx
∂t S
PeS S (t )
1
∂ TS
=
ψS dγS .
PeS S (t ) ∂νS

S (t )

(18)

Further, by deﬁning (t) := F (t) ∪ S ∪  S (t) and

uT (x, t ) =

u(x, t )
0

if
if

x ∈ F (t ),
x ∈ S ,

T(x, t ) =

TF (x, t )
TS (x, t )

if
if

x ∈ F (t ),
x ∈ S ,

PeF

if

x ∈ F (t ),

if

x ∈ S ,

if

x ∈ F (t ),

if

x ∈ S .

if
if

x ∈ F (t ),
x ∈ S .

λF
Pe
λS F

Pe(x ) =

1

λS PeS
λF PeF
TF,0 (x )
T0 ( x ) =
TS,0 (x )
g( x ) =

and rewriting the weak forms (17) and (18) into a one-ﬁeld formulation, the weak form of the energy Eqs. (6) and (7) read:
For given (0), uT and T0 , ﬁnd T ∈ H1 ((t)) such that for all ψ
∈ H1 ()



g

∂T
,ψ
∂t



+ a T ( u T ; T, ψ ) + b T ( T, ψ ) = 0 ,

(19)

(t )

where

a T ( u T ; T, ψ ) =

1
Pe
(t )

bT (T, ψ ) = Bi

F (t )

∇ T · ∇ψ dx +
1
T
Pe

(t )

(u · ∇ )T ψ dx,

ψ dx.

3.2. Finite element discretization
A brief description on the derivation of the discrete forms of
(16) and (19) are presented here. Let 0 = t 0 < t 1 < · · · < t N = I be a
decomposition of the given time interval [0, I] and δt = t n+1 − t n ,
n = 0, . . . , N − 1, be the uniform time step. The fractional-stepθ scheme, which is strongly A-stable and of second-order convergent on ﬁxed domains (Turek, 1999), for the temporal discretization of the coupled system (16) and (19) is used. Applying the temporal discretization results in a sequence of stationary equations.
The ﬁnite element method is used for the spatial discretization.
We assume that the sequence of spreading and recoiling of the impinging droplet is axisymmetric, and thus we ﬁrst rewrite the volume and surface integrals in (16)–(19) into area and line integrals

as described in Ganesan and Tobiska (2008). It allows to use twodimensional ﬁnite elements for approximating the velocity, pressure and temperature in the cross-section of the domain. Further,
it reduces the computational complexity in the mesh movement.
The two-dimensional (cross-section) domain is triangulated using
triangles, and the inf-sup stable Taylor-Hood ﬁnite element pair,
that is, continuous piecewise quadratic polynomials and continuous piecewise linear polynomials for the discretization of the velocity components and pressure, respectively, is used. Further, the
continuous piecewise quadratic polynomials is used for the discretization of temperature.
The ALE approach is used to track the free surface. Since the
free surface is resolved by the computational mesh in the ALE approach, the spurious velocities if any can be suppressed when the
surface force (curvature approximation) is incorporated into the
scheme accurately (Ganesan et al., 2007). The application of the
ALE approach adds additional mesh velocity convective term in
the model equations, and the mesh velocity needs to be computed
at every time step. Moreover, the mesh velocity is needed in every nonlinear iteration step, when an iteration of ﬁxed point type
is used to handle the nonlinear term in the Navier–Stokes equations. The mesh velocity is computed as the rate of change of the
displacement of the mesh. The mesh displacement is obtained by
ﬁrst moving the boundary with the ﬂuid velocity (kinematic condition), and then by solving the linear elasticity equation for the displacement of the inner mesh points as explained in Ganesan et al.
(2014).
Maintaining a conforming mesh for (t) := F (t) ∪ S (t) during the mesh movement, especially along the liquid-solid interface
is one of the challenging steps in the considered model. Due to
the rolling motion of the droplet while spreading, the vertices on
the free surface adjacent to the moving contact line will end up
on the liquid-solid interface. This induces a non-conforming (nonmatching) grid along the liquid-solid interface. An ad hoc algorithm proposed in Ganesan et al. (2014) is used to maintain a conforming mesh in the entire computation.

4. Numerical results
In this section a numerical investigation on the impingement
and spreading of a 3D axisymmetric non-isothermal liquid droplet
impact on a hot solid substrate with temperature-dependent contact angle is presented. Simulations and validations of isothermal liquid droplet impingement have been presented in Ganesan
(2013); Ganesan and Tobiska (2008). Computations using sharp
interface methods for non-isothermal droplet impingement have
been presented and validated in Ganesan et al. (2014); 2015). Further, it has been assumed that the contact angle (incorporated in
the weak form) is independent of the temperature. Nevertheless,
as mentioned in the introduction, experiments in the literature
show the temperature dependence on the contact angle (Adamson,
1973; Neumann, 1974; Petke and Ray, 1969; de Ruijter et al., 1998).
Hence, in this paper, we assume that the contact angle is dependent on surface tension, which varies linearly with temperature.
In due course of this section we would highlight the importance
of this model for numerical simulations of non-isothermal liquid
droplet impingement studies.
We ﬁrst perform a mesh convergence study for a water droplet
re f
impinging on a hot solid substrate with θe = 120◦ . We then
study the effects of temperature-dependent contact angle on the
ﬂow dynamics of droplet for different solid phase temperatures,
Reynolds numbers, Weber numbers, Peclet numbers of solid phase
and reference equilibrium contact angles. Further, the inﬂuence of
these parameters on the total heat transfer from the solid substrate
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to the liquid droplet is examined. The total heat

(a)

1

L0
L1
L2
L3
L4

t ∈ (0, I]

is calculated using the variational form, and we refer to Ganesan
et al. (2014) for the detailed derivation. We compare the results obtained with the contact angle models M1 (temperatureindependent contact angle) and M2 (temperature-dependent contact angle) for each of the above cases. The difference in the numerical results obtained using M1 and M2 contact angle model
determines the effect of temperature-dependent contact angle on
the ﬂow dynamics of the droplet. Unless speciﬁed, we use a constant time step δt = 0.0 0 025, 20 0 vertices on the free surface with
the initial edge size h0 = 0.0 0 0778929. An arbitrary value C1 /σre f =
0.002 is chosen. However, for experimental comparisons one has
to choose an appropriate value. Further, we limit the maximum
area of each cell in the mesh to 0.00625 during the triangulation (Shewchuk, 2002), and it results in 1364 and 2164 cells in the
initial liquid and solid domains, respectively. This choice of initial
mesh results in 5966 velocity, 810 pressure and 7443 temperature
degrees of freedom. However, the number of cells and the number
of degrees of freedom may vary during remeshing.
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4.1. Mesh convergence
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−0.15

(20)
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where

α = 4.796842276577 × 105 ,
λ = 2.021796892969 × 101 ,

110

Total heat

β

d

115
In this section, we perform a mesh convergence study for the
proposed numerical scheme. We consider a hemispherical water droplet of diameter d0 = 3.34 × 10−5 m on a hot solid substrate. We assume that the droplet is at rest initially. The contact
re f
angle is taken as θe = 120◦ . The following material properties:
3
ρ = 10 0 0 kg/m , μ = 8.9 × 10−4 Ns/m2 and σre f = 0.073 N/m have
been used. Also, we set TS,0 = 328 K, TF,0 = 298 K, T∞ = 298 K and
Tref = 323 K. Using characteristic length L = d0 , we get Re = 186,
We = 11.4, Fr = 75387, PeS = 200, PeF = 40 and Bi = 0.0 0 0116. To
perform a mesh convergence study, we vary the number of vertices
on the free surface boundary. The initial mesh (L0) consists of 25
vertices on the free surface with h0 = 0.03141076 and the successive mesh levels are generated by doubling the vertices on the free
surface and halving the mesh size of the previous level mesh. Five
variants with different number of vertices on the free surface are
used: (i) L0 with 25 vertices (ii) L1 with 50 vertices, (iii) L2 with
100 vertices, (iv) L3 with 200 vertices and (v) L4 with 400 vertices. Mesh dependent slip number, β  = 1.46/2h0 is used in these
computations, which is obtained from the following slip relation
(Venkatesan and Ganesan, 2015)

γ = −3.339370111853,
δ = −1.142224345078.

The slip number (β  ) depends on the Reynolds number (Re), Weber number (We) and the initial mesh size (h0 ). The wetting diameter, dynamic contact angle and the total heat ﬂow curves for all
the mesh levels are shown in Fig. 2.
Since the initial contact angle of the droplet is 90°, the contact
angle and wetting diameter are not in equilibrium. Hence over a
period of time, the droplet slowly oscillates and attains its equilibrium state which can be seen in Fig. 2(a). We can clearly observe the mesh convergence with L3 and L4 meshes. From the dynamic contact angle curves in Fig. 2(b), we observe that the equilibrium contact angles of L3 and L4 meshes are tending towards
120°, which is the same value that we have imposed in the weak
formulation. From the total heat curves Fig. 2(c), we observe that
a mesh independent solution can be obtained even with L0 mesh.

−0.25
0

5

10

t̃U/L

15

20

25

Fig. 2. Computationally obtained wetting diameter (a), dynamic contact angle (b)
and total heat (c) for Re = 186, We = 11.4, Fr = 75387, Bi = 0.0 0 0116, PeF = 40, PeS =
200 and θere f = 120° with different number of points on the free surface boundary.

However, since our aim is also to accurately capture the ﬂow dynamics of a non-isothermal impinging droplet, we use L3 mesh
(200 vertices) in all computations.
4.2. Effect of the temperature-dependent contact angle
In this section, we study the effects of temperature-dependent
contact angle on the ﬂow dynamics of a non–isothermal impinging
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Table 1
Percentage maximum relative difference in the
dimensionless wetting diameter and total heat
between the two models for various equilibrium contact angles.

δ th (%)

15
67
90
105
120

3.71
2.03
0.84
3.42
9.08

2.75
1.71
0.14
0.65
6.02

2

0

δ wd (%)

θ=15°

1.5

θ(T)=15°

d/d

θere f

(a)
2.5

θ=67°
°

θ(T)=67

1

°

θ=90
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θ=105°

0.5
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5

10

t̃U/L

15
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(b)

180
150

°

d

θ=15

θ(T)=15°

100

θ=67°

θ

this study is to identity the equilibrium contact angle for which
the effect of temperature-dependent contact angle is maximum.
We consider a spherical liquid droplet of diameter d0 = 3.34 ×
10−5 m impinging on a hot solid substrate with an impact speed
uimp = 4.97 m/s. We use the following material properties: ρ =
10 0 0 kg/m3 , μ = 8.9 × 10−4 Ns/m2 and σre f = 0.073 N/m. Also,
we set β = 3.116/2h0 , TS,0 = 328 K, TF,0 = 298 K, T∞ = 298 K and
Tref = 323 K. Using characteristic velocity U = uimp and characteristic length L = d0 , we get Re = 186, We = 11.4, Fr = 75387, PeS = 200,
PeF = 40 and Bi = 0.0 0 0116. We consider the following ﬁve variants
re f
re f
for the equilibrium contact angle: (i) θe = 15◦ , (ii) θe = 67◦ , (iii)
re f
re f
re f
◦
◦
◦
θe = 90 , (iv) θe = 105 and (v) θe = 120 . Fig. 3 shows the
wetting diameter (a), dynamic contact angle (b) and total heat (c)
transfer from the solid substrate into the liquid droplet. Note that
the results obtained using both the temperature independent contact angle (M1) and the temperature dependent contact angle (M2)
models are shown in Fig. 3.
From Fig. 3(a), we can observe that the maximum and equilibrium wetting diameter decreases with increase in the equilibrium
contact angle. Also, the recoiling effect is observed only with partially wetting and non–wetting liquids. Recoiling effect increases
with increase in the equilibrium contact angle. For the variant
θere f = 90◦ , there is no variation in the wetting diameter between
re f
M1 and M2 contact angle models. This is because, when θe =
90◦ , temperature has no effect on the dynamic contact angle as
re f
re f
discussed in Section 2.3. For the variants θe = 15◦ and θe = 67◦ ,
we can observe that the maximum wetting diameter obtained with
M2 model is less than that with M1 model. This is consistent
with our prediction that for wetting and partially wetting liquids
(θere f < 90◦ ) and when T˜ F is less than reference temperature, the
dynamic contact angle for M2 model is greater than M1 model.
We also predicted that the difference between the maximum wetting diameters with M1 and M2 contact angles be more visible
for highly wetting liquids, and it can be observed in the variant
θere f = 15◦ when compared to the variant θere f = 67◦ . For the varire f
re f
ants θe = 105◦ and θe = 120◦ , we can observe that the wetting
diameter during recoiling phase obtained with M2 model is greater
than obtained with M1 model. This is also consistent with our prere f
diction that for non–wetting liquids (θe > 90 ) and when T˜ F is
less than the reference temperature, the dynamic contact angle for
M1 model is greater than M2 model. We also predicted the difference to be more visible for highly non–wetting liquids and it
re f
can be observed for the case θe = 120◦ . Note that we have considered the equilibrium contact angles till 120° only, as any value
above that leads to splitting of the droplet during spreading and
recoiling for the given Reynolds and Weber numbers. In order to
perform a quantitative assessment on the effect of temperaturedependent contact angle, Table 1 shows the maximum relative difference in the wetting diameter and total heat between the two
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droplet for different equilibrium contact angles
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Fig. 3. Computationally obtained wetting diameter (a), dynamic contact angle (b)
and total heat (c) with Re = 186, We = 11.4, Fr = 75387, Bi = 0.0 0 0116, PeF = 40,
PeS = 200 and different equilibrium contact angles θere f = 15◦ , θere f = 67◦ , θere f =
90◦ , θere f = 105◦ and θere f = 120◦ for both M1 and M2 contact angle models.

contact angle models that are calculated as follows



 dM2 (t ) − dM1 (t ) 

 × 100 %,
δwd = max 

dM1 (t )
t∈[0,I]



 thM2 (t ) − thM1 (t ) 
 × 100%.
δth = max 

thM1 (t )
t∈[0,I]
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Here, the superscripts M1 and M2 on the wetting diameter d (also
on the total heat) denote that the values are obtained with the
contact angle models M1 and M2, respectively. The maximum difre f
ference in the wetting diameter is 9.08% for the variant θe =
◦
120 , which is quite signiﬁcant. On comparing the results between
M1 and M2 contact angle models for the considered equilibrium
contact angles, we can observe that the effect of temperaturedependent contact angle is more visible in non–wetting and highly
wetting liquids.
An interesting observation is that the effect of temperaturedependent contact angle is visible only during the recoiling stage
and almost negligible in the initial spreading stage. During the initial spreading stage, the droplet motion is dominated by the inertia
of the impingement and the surface force is less dominant. However, the surface tension opposes the spreading and the droplet
recoils back when the surface force dominates. Since the contact
angle is dependent on the temperature-dependent surface tension,
the effect of temperature-dependent contact angle can be observed
only when the surface force dominates, i.e. during the recoiling
phase and this is exactly what we observe in Fig. 3(a).
Next, from Fig. 3(b), we can observe that the temperaturedependent contact angle effects on the dynamic contact angle are
re f
more visible for the variant θe = 120◦ , i.e. for non–wetting liquids. A similar variation is observed between the two contact angle models as observed in the wetting diameter curve. Further,
from Fig. 3(c) and Table 1, we can observe that the effects of
temperature-dependent contact angle on the total heat transfer
from the solid substrate into the liquid droplet is maximum for
re f
the variant θe = 120◦ , which is about 6.02%. We can also observe
that the total heat decreases with an increase in the equilibrium
contact angle. Since the maximum as well as the equilibrium wetre f
ting diameter decrease with an increase in θe , the liquid-solid
interface area over which the heat transfer occurs is reduced.
Based on the above observations, we can conclude that the effect of temperature-dependent contact angle is higher for non–
wetting and highly wetting liquid. However, comparatively nonre f
wetting liquids (θe > 90◦ ) show signiﬁcant thermal effects due
to M2 contact angle model. Also, it is more sensitive during the
recoiling phase and not during initial spreading phase as the effect of temperature-dependent contact angle is more when the surface force dominates the inertial force in the droplet. Precisely, the
maximum effect of the temperature-dependent contact angle on
the wetting diameter is about 9.08% and on the total heat transfer is 6.02% for the considered ﬂow parameters. Note that we have
used C1 /σre f = 0.002, where C1 is the negative rate of change of
surface tension with temperature in the computations. The effect
of temperature-dependent contact angle is directly dependent on
the temperature-dependent surface tension. Hence, a greater effect of the temperature–dependence of contact angle could be obre f
served if we choose a higher value of C1 /σre f . As θe = 120◦ variant shows the maximum thermal effects due to M2 contact angle
model from the considered equilibrium contact angles, we consider
this as the model case in the subsequent sections and study the
effects of temperature-dependent contact angle for different solid
phase temperatures, Reynolds numbers, Weber numbers and solid
phase Peclet numbers.
We now present the contours of the pressure, velocity and the
re f
temperature distribution for the variant θe = 120◦ . Fig. 4 depicts
the pressure contours in the droplet at different instances (dimensionless time) t = 0.1, 1, 4, 6, 15. Initially the pressure variation is
large near the contact line. However, the distribution of the pressure becomes almost uniform when the droplet reaches its equilibrium state. Both M1 and M2 contact angle models have almost
identical pressure distribution at time instances t = 0.1 and 1.0, i.e.
when the droplet is in the initial spreading stage dominated by
the inertial forces. However, at time instances t = 4.0 and 6.0, we
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can observe differences in the pressure distribution. Also note that,
the maximum value of pressure in the droplet is higher in the
M2 model. Next, the contour lines of the magnitude of the velocity are depicted in Fig. 5. By comparing the contour lines of M1
and M2 models, we can observe that there is a signiﬁcant variation in the velocity distribution at t = 4.0, 6.0 and 15.0. Further, the
temperature distribution in the droplet is depicted in Fig. 6. Both
M1 and M2 contact angle models have very slight difference in the
temperature distribution at all the considered time instances. Note
the minimum values of temperature at each instant is higher for
the M2 model, which indicates that the overall temperature in the
droplet is higher for M2 contact angle model.
4.3. Effect of solid phase initial temperature
In this section, we study the effect of temperature-dependent
contact angle on the ﬂow dynamics of droplet for different solid
phase initial temperatures. We consider a liquid droplet of diameter d0 = 3.34 × 10−5 m impinging on a hot solid substrate with
an impact speed uimp = 4.97 m/s. We use the following material properties: ρ = 10 0 0 kg/m3 , μ = 8.9 × 10−4 Ns/m2 and σre f =
0.073 N/m. Also, we set β = 3.116/2h0 , TF,0 = 298 K, T∞ = 298 K
and Tref = 323 K. Using characteristic velocity U = uimp and characteristic length L = d0 , we get Re = 186, We = 11.4, Fr = 75387,
PeS = 200, PeF = 40 and Bi = 0.0 0 0116. We consider the following four variants for solid phase temperature : (i) TS,0 = 328 K,
(ii) TS,0 = 338 K, (iii) TS,0 = 348 K and (iv) TS,0 = 358 K. Further,
we consider two variants for the contact angle, θe = 15◦ and
θere f = 120◦ . Figs. 7 and 8 shows the wetting diameter (a), magniﬁed view of wetting diameter at the equilibrium or during the
recoiling phase (b) and the total heat (c) transfer from the solid
re f
substrate into the liquid droplet for contact angles θe = 15◦ and
re f
◦
θe = 120 respectively.
From Fig. 7(a), we can observe that the effect of the solid phase
temperature is negligible on the ﬂow dynamics of the droplet
re f
for the variant θe = 15◦ . However, from the magniﬁed view of
the wetting diameter of droplet as it approaches equilibrium, we
can observe that the wetting diameter increases with increase in
the solid phase temperature and decreases for the temperaturedependent contact angle. From the total heat curve, we can clearly
observe that more heat is transferred from the solid into liquid
phase at higher solid phase temperatures. Moreover, there doesn’t
seem to be any visible effect of temperature-dependent contact angle on the total heat transfer for different solid phase temperare f
re f
tures with θe = 15◦ . For the variant θe = 120◦ , the temperaturedependent contact angle signiﬁcantly inﬂuences the ﬂow dynamics in the recoiling phase as observed in the previous section.
But the equilibrium wetting diameter remains unaffected by the
solid phase temperature changes and temperature-dependent contact angle. However, the effect of temperature-dependent contact
angle on the ﬂow dynamics is similar for the considered solid
phase temperatures. Hence, in the subsequent sections we perform
all the computations with TS,0 = 328 K. A close up view of the wetting diameter when the droplet is in the recoiling stage, reveals
that the temperature-dependent contact angle leads to higher wetre f
ting diameter for the variant θe = 120◦ . The total heat transfer
from the solid into the liquid phase increases with an increase in
the solid phase temperature, as observed in Fig. 8(c).
re f

4.4. Effect of Reynolds number
In this section, we study the effects of temperature-dependent
contact angle on the ﬂow dynamics of droplet for different
Reynolds numbers. By varying the Reynolds number, we vary only
the viscosity and keep all other parameters constant. We consider
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Fig. 4. Pressure contours in the impinging droplet with θere f = 120◦ at dimensionless time t = 0.1, 1, 4, 6, 15 from the top for M1 and M2 contact angle models.
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Fig. 5. Velocity (magnitude) contours in the impinging droplet with θere f = 120◦ at dimensionless time t = 0.1, 1, 4, 6, 15 from the top for M1 and M2 contact angle models.
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Fig. 6. Temperature contours in the impinging droplet with θere f = 120◦ at dimensionless time t = 0.1, 1, 4, 6, 15 from the top for M1 and M2 contact angle models.
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Fig. 7. Computationally obtained wetting diameter (a), magniﬁed view of wetting diameter at the equilibrium (b) and total heat (c) with Re = 186, We = 11.4,
Fr = 75387, Bi = 0.0 0 0116, PeF = 40, PeS = 200, θere f = 15◦ and different solid phase
temperatures TS,0 = 328 K, TS,0 = 338 K, TS,0 = 348 K and TS,0 = 358 K for both M1
and M2 contact angle models.

a liquid droplet of diameter d0 = 3.34 × 10−5 m impinging on a
hot solid substrate with an impact speed uimp = 4.97 m/s. Further, the equilibrium contact angle is taken as θe = 120◦ . We
use the following material properties: ρ = 10 0 0 kg/m3 and σre f =
0.073 N/m. Also, we set TS,0 = 328 K, TF,0 = 298 K, T∞ = 298 K and
Tref = 323 K. Using characteristic velocity U = uimp and characterisre f
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25

Fig. 8. Computationally obtained wetting diameter (a), magniﬁed view of wetting
diameter during the recoiling phase (b) and total heat (c) with Re = 186, We = 11.4,
Fr = 75387, Bi = 0.0 0 0116, PeF = 40, PeS = 200, θere f = 120◦ and different solid phase
temperatures TS,0 = 328 K, TS,0 = 338 K, TS,0 = 348 K and TS,0 = 358 K for both M1
and M2 contact angle models.

tic length L = d0 , we get We = 11.4, Fr = 75387, PeS = 200, PeF = 40
and Bi = 0.0 0 0116.
We consider the following four variants for the Reynolds number: (i) Re = 50, (ii) Re = 100 and (iii) Re = 186. The slip number
used in the computations is based on the mesh-dependent slip relation (Venkatesan and Ganesan, 2015). The numerical results obtained for different Reynolds numbers for both M1 and M2 con-
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Table 2
Percentage maximum relative difference in the
dimensionless wetting diameter and total heat
between the two models for various Reynolds
numbers.
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(c)

0

δ wd (%)

δ th (%)

50
100
186

2.38
3.05
9.08

0.57
0.71
6.02

librium wetting diameter remains the same. Also, recoiling effect
increases with an increase in the Reynolds number. By comparing
the wetting diameter curves for the two contact angle models M1
and M2, we can observe that the effect of temperature-dependent
contact angle increases with an increase in the Reynolds number.
The same can be quantitatively observed in Table 2, which provides the percentage maximum difference in the wetting diameter
and the total heat for the two contact angle models.
From Fig. 9(b), we can observe that the dynamic contact angle
oscillates about its equilibrium value during the spreading and recoiling phase. Also the oscillations increase with an increase in the
Reynolds number which is due to a greater kinetic energy. The effects of temperature-dependent contact angle observed are similar
to as observed in the wetting diameter curves. From Fig. 9(c), we
can observe that the total heat transfer from the solid substrate
into the liquid phase decreases slightly with an increase in the
Reynolds number. Since the droplet reaches to maximum wetting
diameter quickly and recoils rapidly when the Reynolds number is
increased, the liquid-solid interface area over which the heat transferred reduces. Thus, the total heat transfer becomes less when the
Reynolds number is increased. In short, we can observe and conclude that an increase in the Reynolds number results in a greater
effect of temperature-dependent contact angle on the ﬂow dynamics of the droplet.
4.5. Effect of Weber number

Re=50
Re=50 with θ(T)
Re=100
Re=100 with θ(T)
Re=186
Re=186 with θ(T)

−0.1

Total heat

20

Re

−0.2

In this section, we study the effect of temperature-dependent
contact angle on the ﬂow dynamics of droplet for different Weber numbers, that is by varying the reference surface tension and
keeping other parameters as constant. We consider a liquid droplet
of diameter d0 = 3.34 × 10−5 m impinging on a hot solid substrate
with an impact speed uimp = 4.97 m/s. Further, the contact angle is taken as θe = 120◦ . We use the following material properties: ρ = 10 0 0 kg/m3 and μ = 8.9 × 10−4 Ns/m2 . Also, we use
TS,0 = 328 K, TF,0 = 298 K, T∞ = 298 K and Tref = 323 K. Using characteristic velocity U = uimp and characteristic length L = d0 , we get
Re = 186, Fr = 75387, PeS = 200, PeF = 40 and Bi = 0.0 0 0116. The
slip value used in computations is based on the mesh-dependent
slip relation (Venkatesan and Ganesan, 2015). We consider the
following ﬁve variants for the Weber number: (i) We = 2.0, (ii)
We = 5.0, (iii) We = 11.4, (iv) We = 20.0 and (v) We = 50.0. The numerical results obtained for different Weber numbers for both M1
and M2 contact angle models are shown in Fig. 10.
From Fig. 10(a), we can observe that the maximum wetting diameter increases with an increase in the Weber number. Since the
capillary force of the droplet decreases with an increase in the Weber number, it leads to a larger spreading and hence greater wetting diameter. Also, recoiling effect increases with an increase in
the Weber number. By comparing the wetting diameter curves of
the two contact angle models M1 and M2, we can observe that the
effects due to the temperature-dependent contact angle increases
with an increase in the Weber number initially, say till We = 11.4
and then decreases with an increase in the Weber number. The
same can also be observed from Table 3. Also we observe that the
re f
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Fig. 9. Computationally obtained wetting diameter (a), dynamic contact angle (b)
and total heat (c) with θere f = 120◦ , We = 11.4, Fr = 75387, Bi = 0.0 0 0116, PeF = 40,
PeS = 200 and different Reynolds numbers Re = 50, Re = 100 and Re = 186 for both
M1 and M2 contact angle models.

tact angle models are shown in Fig. 9. Note that we have considered the Reynolds number till 186 only, as any value above leads
to splitting of the droplet.
From Fig. 9(a), we can observe that the maximum wetting diameter increases with an increase in the Reynolds number. Since
the kinetic energy of the droplet increases, the wetting diameter is
more with an increase in the Reynolds number. However, the equi-

Please cite this article as: J. Venkatesan et al., Effects of temperature-dependent contact angle on the ﬂow dynamics of an impinging
droplet on a hot solid substrate, International Journal of Heat and Fluid Flow (2016), http://dx.doi.org/10.1016/j.ijheatﬂuidﬂow.2016.10.003

ARTICLE IN PRESS

JID: HFF

[m5G;October 19, 2016;19:47]

J. Venkatesan et al. / International Journal of Heat and Fluid Flow 000 (2016) 1–17
Table 3
Percentage maximum difference in the dimensionless wetting diameter and total heat between the
two models for various Weber numbers .
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Table 4
Percentage maximum difference in the dimensionless wetting diameter and total heat between the two models for various solid phase
Peclet numbers.
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δ wd (%)

δ th (%)
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400

10.79
9.08
4.33

7.36
6.02
1.47

tact angle are similar as observed in the wetting diameter curves.
From Fig. 10(c), we can observe that the total heat transfer from
the solid substrate into the liquid phase increases with an increase
in the Weber number. This depends on the maximum wetting diameter which increases with an increase in the Weber number,
and thus increasing the liquid-solid interface area over which the
heat transfer occurs. However, the increase is quite high compared
to the variants used for the Reynolds number.
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4.6. Effect of solid phase Peclet number
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Further, the equilibrium contact angle is taken as θe = 120◦ . We
use the following material properties: ρ = 10 0 0 kg/m3 , μ = 8.9 ×
10−4 Ns/m2 and σre f = 0.073 N/m. We also use TS,0 = 328 K, TF,0 =
298 K, T∞ = 298 K and Tref = 323 K. Using characteristic velocity
U = uimp and characteristic length L = d0 , we get Re = 186, We=11.4,
Fr = 75387, Bi = 0.0 0 0116 and PeF = 40. We consider the following
three variants for the solid phase Peclet number: (i) PeS = 100, (ii)
PeS = 200 and (iii) PeS = 400. The numerical results obtained with
the three variants of solid phase Peclet numbers for both M1 and
M2 contact angle models are shown in Fig. 11.
From Fig. 11(a), we can observe that the maximum and equilibrium wetting diameter remains the same irrespective of the
solid phase Peclet number used. However, during the recoiling
stage the Peclet number has visible effect on the wetting diameter. Comparing the wetting diameter curves of the two contact angle models M1 and M2, we can observe that the effects due to
the temperature-dependent contact angle remains similar in the
considered Peclet numbers. However, the magnitude of the effect
varies and it decreases with an increase in the Peclet number as
observed in Table 4.
From Fig. 11(b), we can observe that the dynamic contact angle oscillates about its equilibrium value during the spreading
and recoiling phase. Also the oscillations do not increase signiﬁcantly with an increase in the Peclet number, unlike in the variants of Reynolds and Weber numbers. The effects of temperaturedependent contact angle are similar to as observed in the wetting diameter curves. From Fig. 11(c), we can observe that the tore f
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−0.5
0

In this section, we study the effect of temperature-dependent
contact angle on the ﬂow dynamics of droplet for different solid
phase Peclet numbers, in particular by varying the conductivity
of solid phase and keeping the other parameters as constant. We
consider a liquid droplet of diameter d0 = 3.34 × 10−5 m impinging on a hot solid substrate with an impact speed uimp = 4.97 m/s.

25

Fig. 10. Computationally obtained wetting diameter (a), dynamic contact angle (b)
and total heat (c) with θere f = 120◦ , Re = 186, Fr = 75387, Bi = 0.0 0 0116, PeF = 40,
PeS = 200 and different Weber numbers We = 2.0, We = 5.0, We = 11.4, We = 20.0
and We = 50.0 for both M1 and M2 contact angle models.

effects of the temperature-dependent contact angle are more visible in the recoiling phase and almost negligible in the spreading
phase as observed in the previous sections.
From Fig. 10(b), we can observe that the dynamic contact angle oscillates about its equilibrium value during the spreading and
recoiling phase. Also the oscillations increase with an increase in
the Weber number. The effects of the temperature-dependent con-
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5. Summary
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(b)

180

The dynamic contact angle as a function of temperaturedependent surface tension and reference equilibrium contact angle is proposed for computations of non–isothermal liquid droplet
impingement on a hot solid substrate. Further, a ﬁnite element
scheme using the arbitrary Lagrangian–Eulerian approach for the
simulations of a non–isothermal liquid droplet with the proposed
dynamic contact angle is presented. An array of numerical simulations for different reference equilibrium contact angles, solid phase
initial temperatures, Reynolds numbers, Weber numbers and Peclet
numbers of solid phase are performed using the temperatureindependent (M1) and the temperature-dependent (M2) contact
angle models are performed. In all test cases, the wetting diameter, the dynamic contact angle and the total heat transfer from the
solid substrate into the liquid droplet are analyzed. The following
observations are made in this numerical study.
•

•
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Fig. 11. Computationally obtained wetting diameter (a), dynamic contact angle (b)
and total heat (c) with θere f = 120◦ , Re = 186, We = 11.4, Fr = 75387, Bi = 0.0 0 0116,
PeF = 40 and different solid phase Peclet numbers PeS = 100, PeS = 200 and PeS =
400 for both M1 and M2 contact angle models.

tal heat transfer from the solid substrate into the liquid droplet
increases with a decrease in the Peclet number. Lower the Peclet
number, greater is the thermal conductivity of the solid which results in a higher rate of the heat transfer from the solid substrate
into the liquid droplet. In short, we can conclude that the effect of
temperature-dependent contact angle decreases with an increase
in the Peclet number.

•

Contact angle models M1 and M2 result in almost identical
re f
ﬂow dynamics for partially wetting liquids (θe
< 90◦ ).
re f
◦
For highly wetting liquids (θe
<< 90 ), the effects of
temperature-dependent contact angle on the ﬂow dynamics of
the droplet are clearly observed.
re f
In the case of non-wetting liquids (θe
> 90◦ ), the effects of
temperature-dependent contact angle on the ﬂow dynamics are
signiﬁcant and as high as 10.79% on the wetting diameter and
7.32% on the total heat transferred from the solid substrate into
the liquid droplet.
The effects of temperature-dependent contact angle are visible
and signiﬁcant only when the surface force dominates.
More effects of temperature-dependent contact angle could be
observed for higher values of the rate of change of surface tension with respect to the temperature.
In order to capture the ﬂow dynamics of the droplet and to
predict the total heat transfer from the solid into liquid phase
accurately, the choice of temperature-dependent contact angle
model is essential in non-wetting and highly wetting impinging
droplet simulations.
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