
Parallel
Matrix-Matrix Multiplication



Parallel (Dense) Matrix- (Dense) 
Matrix Multiplication
• SUMMA by Robert A. van de Geijn and Jerreel

Watts, Concurrency: Practice and Experience, 
1997.

• SUMMA – Scalable Universal Matrix 
Multiplication Algorithm

• 2D block decomposition
• Formulated as a sequence of rank-one updates
• Each rank-one update is parallelized



Credit: Figures 
from the paper.



Optimizations

• Broadcast is pipelined with computations
• Instead of processing one column of A and one 

row of B for rank one update, process a set of 
columns of A and set of rows of B leading to 
matrix-matrix multiplication formulations.

• This will lead to blocking and higher cache 
efficiency.



Sparse Matrix – Sparse Matrix 
Multiplication:
SPGEMM
• Sources:

• “TileSpGEMM: a tiled algorithm for 
parallel sparse general matrix matrix 
multiplication on GPUs” by Niu et 
al., PPoPP 2022.

• “Multithreaded sparse matrix-matrix 
multiplication for many-core and 
GPU architectures” by Deveci et al., 
Parco 2018

• SpGEMM – one of the 
fundamental building                        
blocks in sparse linear          
solvers, graph                       
processing frameworks and 
machine learning applications

Credit: Figure 
from the paper 
by Niu et al.



Gustavson’s row-row formulation 
for parallelism
• Most parallel SpGEMM algorithms are based on 

Gustavson’s formulation

Credit: By Deveci et al.

Credit: By Niu et al.



Parallelization

• 1-D row-based partitioning is the preferred 
choice; the rows of C can be computed 
independently

• For GPUs, a two-level hierarchy is followed:
• Rows are assigned to first level of hierarchy (blocks or 

warps)
• Calculations within rows done by second level 

(threads within blocks or warps)



Three partitioning schemes for 
GPUs by Deveci et al.
• Thread-sequential: Each thread in a team works 

on a different row



• Team-sequential: A whole team works on a 
single row



• Team-parallel: Start with a scheme like Team-
sequential. But different threads in a Team work 
on different rows of B.



• Thread-flat Parallel: A row of A is assigned to a 
Team, but the method flattens the second and 
third loops, and assign the computations to all 
the threads
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